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Abstract

We study the effect of octahedron rotation on the electric polarization with spin–orbit
coupling. Employing local coordinates to represent the tilting of the ligands’ octahedra, we
evaluate the electric polarization in a chain of transition metal ions with non-polar octahedron
rotation. We ﬁnd the orbital ordering produced by the ligands’ rotation and the spin order,
together, determine the polarization features, manifesting that non-vanishing polarization
appears in collinear spin order and the direction of polarization is no more restricted in the
plane of spin rotation in cycloidal ordering.
Keywords: multiferroics, unpolar octahedron rotation, mangetoelectric
(Some ﬁgures may appear in colour only in the online journal)

the general theory of ferroelectricty induced by spin-spiral order [31] and the polarization in a triangle originated from spin
correlation [32, 33] are proposed.
In the recently found ferroaxials [34, 35], both the spin
order and special crystal structure are responsible for the inversion symmetry breaking. In ferroaxials Cu3 Nb2 O8 with
cycloidal magnetic order, the electric polarization is not restricted to the spin rotation plane [34]. In CaMn7 O12 , the electric polarization is even found to be perpendicular to the spin
rotation plane [35]. In ferroaxials, the direction of electric
polarization cannot be explained by all these known mechanisms. In CaMn7 O12 a ‘propeller-like’ structure for which
the tilted ligands’ octahedra take shape, the axial vector due
to the relative rotation between nearby octahedra (we simply
call octahedron rotation hereafter) is essential in the inversion
symmetry breaking [36]. There has been a phenomenological
explanation [35, 36] for the relationships between the electric
polarization and the axial vector as well as spin orders, but
there is not yet a microscopic mechanism to clarify the role
that an octahedron rotation plays in conventional spin-driven
multiferroics. On the other hand, recently a ﬁrst-principle research has demonstrated that the octahedron rotation can be
controlled by an electric displacement ﬁeld [37]. It is therefore obligatory, from a microscopic point of view, to elucidate
the effect of octahedron rotation on spin induced ferroelectricity. Thus in this paper we investigate how the occurrence of the
non-polar octahedron rotation affects the electric polarization
in spin-driven multiferroics with spin–orbit coupling based on
the work by Katsura et al [20]. In next the section, we propose

1. Introduction

Multiferroics refer to materials in which the spontaneous ferroelectricity and magnetism coexist, which makes it possible to control magnetization through an electric ﬁeld or vice
versa [1–6]. Since the discovery of spin-driven multiferroics
TbMnO3 [7] and TbMn2 O5 [8], multiferroics have attracted
more and more attention. A number of multiferroics with
different kinds of magnetic order, such as cycloidal order
[7, 9–12], proper-screw order [13–16], skyrmion crystal order [17, 18] and collinear order [19] have been found. In cycloidal magnetic order, a spin-current mechanism [20], which
is also referred to as ‘inverse Dzyaloshinskii–Moriya (DM) interaction’ [21, 22], has successfully explained the relationship
between the electric polarization and cycloidal magnetic order.
The inverse DM mechanism predicts that the electric polarization P is perpendicular to the unit vector ei,j connecting site
i,j and in the cycloidal spin rotation plane. Furthermore, in
proper-screw magnetic order, the p–d hybridization [23, 24]
due to spin–orbit coupling has been proposed to induce an
electric polarization. This hybridization has been elucidated
to host P both parallel and normal to the magnetic modulation vector in some speciﬁc proper-screw magnetic order in
triangular lattice [13, 16, 23, 24]. This mechanism also has
important application in Ba2 CoGe2 O7 [25, 26] and skyrmion
lattice phase of Cu2 OSeO3 [17, 18, 27]. Moreover, in collinear
spin order systems the ferroelectricity is induced by the inverse
Goodenough–Kanamori mechanism where the exchange interaction is responsible for the presence of ferroelectricity in Ising
chain magnets [19] and E-type spin order [28–30]. Besides,
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1

© 2014 IOP Publishing Ltd

Printed in the UK

J. Phys.: Condens. Matter 26 (2014) 395901

S Zhu and Y-Q Li

a microscopic model such that the effect of octahedron rotation can be characterized by introducing local coordinates. In
section 3, we solve the ground states by second-order perturbation and evaluate the induced electric polarization. We obtain
an explicit expression to exhibit the relation between electric
polarization and spin orders as well as octahedron rotation.
In section 4, we apply the obtained expression to various spin
orders. In the last section, we summarize and discuss our main
results.
2. The model in the presence of octahedral rotation

We consider a system consisting of transition metal ions placed
in a one-dimensional lattice space LM . Their bonds are bridged
through an oxygen atom in between the ions. Let LO denote
the lattice space where oxygen atoms are placed. The present
model is actually deﬁned on a bundle [38], a mathematical
concept that
 we describe in the following. In a bipartite lattice
L = LM LO , each lattice point of LM is attached with a ﬁbre
Fd and that of LO is attached with a ﬁbre Fp where Fd and
Fp stand for the Hilbert space of d electrons and p electrons
respectively. The structure group G that connects the nearby
ﬁbres is the rotation group. Then the Hamiltonian reads


H =
Hσ(i) − U
ei · S i ,
(1)
i,σ

with



Figure 1. Schematic illustration of local coordinate frames for the
model. The neighborhood U (i) shaded in the same color covers a
transition metal ion Mi (large ball) and its neighboring oxygen
atoms (small balls, i.e. a left one and a right one, they are denoted,
respectively, by p̃ and p in the Hamiltonian of this paper for notation
convenience). One can see that the right oxygen atom in U (i) is
simultaneously the left one in the next neighborhood U (i+1) . This
overlapping in description naturally deﬁnes a metric. The rotation
angle α speciﬁes the relation between the global coordinate frame
(x, y, z) and a local frame (speciﬁed with a superscript i and i + 1)
that is the same for both d and p states in the same neighborhood.
One needs a non-trivial bundle description in mathematical
modeling in the presence of octahedron rotation in the material.

i

transpose of matrix, and R(α) is the fundamental representation of the rotation group), the spin states expressed in local
frame and global frame are connected through the spinor representation of the rotation group, which we denote by Rs (α).
As illustrated in ﬁgure 1, the p-states in the oxygen site between Mi and Mi+1 can be expressed in terms of either the
local frame of the neighborhood U (i) or that of the neighborhood U (i+1) . These two expressions give us a metric



(i)† (i)
(i)† (i)
(i)† (i)
(i)† (i)
dxy,σ + pz,σ
dxz,σ − p̃y,σ
dxy,σ − p̃z,σ
dxz,σ
Hσ(i) = V py,σ


√
 (i)†

(i)
(i)†
+ V0 px,σ − p̃x,σ
d3z
3dx(i)2 −y 2 ,σ + H.c.,
2 −r 2 ,σ −

where σ =↑, ↓, i ∈ LM , V = tpdπ and V0 = − 21 tpdσ . The
summation in equation (1) is taken over the lattice sites in
which the transition metal ions are placed. The ﬁrst term
in equation (1) describes the hopping between the transition
metal ion and its nearby ligand, and the second one refers to
the Hund’s coupling. According to octahedral symmetry, the d
orbitals of every metal ion are expressed in the local octahedral
basis. Thus we introduce local coordinates for every transition
(i)
metal ion. In other words, the above Hσ is deﬁned on the i-th
(i)
(ν = xy, xz, yz, etc) annihineighborhood U (i) , in which dν,σ
(i)†
lates a d electron at site Mi in ﬁgure 1, p̃k,σ
(k = x, y, z) cre(i)†
ates a p electron in the left side of Mi , whereas pk,σ
creates one
in the right side. Here we use the superscript ‘(i)’ to emphasis
that the corresponding wave functions are expressed in terms
of local coordinates in the neighborhood U (i) . We emphasize
that the quantization axis of spin is taken to be the z-axis of the
local frame rather than the global frame. The coordinate frame
for wave function is locally deﬁned on each neighborhood U (i) ,
which changes from neighborhood to neighborhood.
In order to visualize the relation between electric polarization and spin order, we need a ﬁnal expression in
terms of a global coordinate frame, saying (x, y, z). Hereafter, polarization means electric polarization for simplicity. Suppose the local coordinate in the neighborhood U (i)
is related to the global coordinate through a rotation matrix (x  , y  , z )T = R(αi ) (x, y, z)T (the superscript ‘T ’ means

(i)
pk,σ
| p̃k(i+1)
,σ   = Gkσ,k σ  .

(2)

which will appear in the formula of second-order
 perturbation theory. This metric matrix is given by R(αi ) ⊗
† 

Rs (αi ) R(αi+1 ) ⊗ Rs (αi+1 ) generally. We are interested in
the case that the rotation occurs along the chain as illustrated
in ﬁgure 1. For simplicity, the direction ei,i+1 that represents
the chain direction of the transition metal ions is chosen as the
x-axis. Then the local coordinate in the neighborhood U (i) is
related to the global coordinate through a rotation of αi around
ˆ
the x-axis, then we have R(α) = eαx where the generator ˆx
is a 3 by 3 matrix,
⎛
⎞
0 0 0
ˆx = ⎝ 0 0 1 ⎠
0 −1 0
and Rs (α) = e−i 2 σ̂x with σ̂x denoting the Pauli matrix as
the spin is quantized along the local z -axis. The metric
Gkσ,kσ  (αi,i+1 ) is characterized by the relative rotation angle
αi,i+1 = αi+1 − αi between the nearest-neighbors. For the octahedral symmetry in Fd , the rotation with a special angle like
π/2 or its multiplier is equivalent to the case without rotation.
So the twisting that causes non-trivial rotation is parameterized
by −π/4 < αi,i+1 < π/4.
α

2
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a
a
a
(i)
(i+1)
(i+1)
= Cia Bxzσ
, D̃yσ,i
= Cia Bxyσ
, D̃zσ,i
= Cia Bxzσ
. Note
Dzσ,i
(i)
(i+1)
that the |Pi , |pkσ , |Pi+1  and |p̃kσ  in equation (5) are expressed in terms of local coordinates. In the presence of octahedron rotation, the orbital state implied in |Pi  differs in different site i, which is illustrated in ﬁgure 3. Thus the orbitals
at each site of transition metal are no more uniformly ordered
along the chain. Such an orbital ordering is characterized by
the twisting angle αi,i+1 along the x-axis. Only for either parallel or anti-parallel spin orders meanwhile αi,i+1 = 0, the state
in equation (5) becomes an eigenstate of the operator of inversion transformation. If αi,i+1 = 0, however, the inversion
symmetry is still broken even for collinear spin orders, and
hence non-vanishing polarization is expected to appear then.
Now we are in the position to evaluate the induced
polarization. The overlapping integrals of d and p orbitals
contributed in the calculation of the expectation value for er
are [20],

3. Electric polarization

To obtain the electric polarization we need to know the
orbital components of the ground state. The second part of
equation (1) describes the d electron of spin S  i coupling
with the local magnetic moment along the direction ei = (sin θi
cos φi , sin θi sin φi , cos θi ). Here we use prime to emphasize
that the coordinate parameters are deﬁned with respect to the
local coordinate frame. Like in [20], we consider the case that
the strength of spin–orbit coupling is the largest energy scale of
the system. Then the ﬁrst part of equation (1) can be applied as
a perturbation in the Hilbert subspace for the ground states of
the second one. Diagonalizing the −U ei · S  i term, one obtains
|Pi  = sin

θi (i)
θ

|a  + eiφi cos i |b(i) ,
2
2

|P̃i  = cos

θi (i)
θ

|a  − eiφi sin i |b(i) ,
2
2

(3)

(i+1) 3
(i)
dyz,σ
y (i) p̃k,σ
 d r = Gzσ,kσ  (αi,i+1 )A,

(i)
(i)
(i)
where |a (i)  = 13 (|dxy,↑
 + |dyz,↓
 + i|dzx,↓
) and |b(i)  =
(i)
(i)
(i)
1
(|dxy,↓
 − |dyz,↑
 + i|dzx,↑
) are the Γ7 doublet deﬁned in the
3
local coordinate of the neighborhood U (i) . Since Pi | σ |Pi  =
ei and P̃i | σ |P̃i  = −ei where σ is the vector of the Pauli
matrix, |Pi  and |P̃i  are called parallel and anti-parallel states
respectively. The eigenenergy of |P̃i  and |Pi  are U/3 and
−U/3 respectively. For convenience in calculation, one can
abbreviate the aforementioned parallel state as

(i) (i)
Bνσ
|dν,σ 
|Pi  =

(i)
(i)
(r )y (i) pz,σ
(r )d3 r . The same is true for
where A = dyz,σ
y → z, z → y in the above. Let us discuss the polarization
for the cases of one hole as well as two holes in the one-electron
picture. In the one hole case, we have the hole in the lowest
energy state, | iI . The polarization is given by P i = e iI |
r | iI / iI | iI . If there are two holes that will occupy the
two lowest states respectively, the polarization is deﬁned as
P i = e iI | r | iI / iI | iI  + e iII | r | iII / iII | iII .
Consequently, we have

νσ
(i)
(i)
(i)
= Bzx↓
= Bxy↑
=
with the corresponding coefﬁcients: Byz↓
√
 √

θi
θi
(i)
(i)
(i)
iφi
sin 2 / 3, and −Byz↑ = −iBzx↑ = Bxy↓ = e cos 2 / 3.
In the second-order perturbation for the degenerate ground
states |Pi  and |Pi+1 , only the terms Hσ(i) and Hσ(i+1) are of
relevance because they describe hopping to or from the oxygen
atom in between Mi and Mi+1 . From the secular equation

(Kj,j  − E δj,j  )Cj  = 0, (j, j  = i, i + 1),
(4)

ˆ



(j )
 Pj |H (i) |p (i) Gkσ,k σ  p̃ (i+1)
σ
kσ
k  σ  | Hσ |Pj  
=
,
−Δ
k,σ,k  σ 

where Δ is the energy difference between the p and d orbitals,
2
(1 + |b|) and
we obtain two roots (eigenenergies) E I = − 2V
3Δ
2
|b|)
E II = − 2V
(1
−
and
the
corresponding
eigenvectors
3Δ
1
b
1
b
I
I
II
II
√
√
(Ci , Ci+1 ) = 2 (− |b| , 1); (Ci , Ci+1 ) = 2 ( |b|
, 1) where
θ

b = μ†i+1 Rs (3αi,i+1 )μi , with μ†i = (cos 2i eiφi , sin 2i ). Then
we have two eigenkets
|

a
i 

=

Cia |Pi 

ˆ

ˆ

J i→i+1 ∝ (e−2αi,i+1 x ei × e2αi,i+1 x ei+1 ) + J0 ei,i+1 ,

a
Ci+1
|Pi+1 

+
V 
(i)
(i+1) 
a
a
+
−Dkσ,i
|pkσ
 + D̃kσ,i+1
|p̃kσ
 ,
Δ
k,σ

(7)

where λ = λ0 cos(4αi,i+1 ). Here λ0 = 13 eAV /(Δ|b|) and λ0 =
− 49 eA(V /Δ)3 for one hole and two holes, respectively. In the
above formula (7) the rotation matrix acts on the left so the vector ei and ei+1 are written in column form. We can see from
equation (7) that the expression of polarization is dependent on
both the spin order and the relative tilting angle αi,i+1 . Thus it
is no longer the spin chirality itself but the spin order together
with the orbital ordering that determine the polarization. For
the special case αi,i+1 = 0, our result (7) recovers the one obtained by Katsura et al [20]. As the tilting angle modulates the
magnitude of polarization via cos 4αi,i+1 , the order of magnitude of ferroelectricity stays unchanged compared with [20].
It is worthwhile to discuss the spin current emerging in the
lowest energy state (5). The spin current at i-site ﬂowing along
the chain (x-axis) is the expectation value J i→i+1 =  iI |


†
Jˆ i,i+1 | iI  with Jˆ i,j = h̄i tj i dj†α (σ )αβ diβ − tij diα
(σ )αβ djβ .
Expressing both |Pi  and |Pi+1  in terms of global coordinates,
we obtain

for the 2 by 2 matrix

θ

ˆ

P i = λ ei,i+1 × (e−2αi,i+1 x ei × e2αi,i+1 x ei+1 ),

j

Kj,j 

(6)

(8)

where J0 depends on the orientations of spin at sites i and i + 1
as well as the twisting angle αi,i+1 . Note that the ﬁrst term of
the above spin current happens to be the spin current of a tilt
j
Heisenberg superexchange model [39] with Uj  = e−2iαj,j  σ̂x ,
for which the covariant form [40] of the continuity-like

(5)

where a = I, II label the two lowest energy states. Those coefﬁa
a
a
(i)
= D̃xσ,i+1
= 0, Dyσ,i
= Cia Bxyσ
,
cients in equation (5) are Dxσ,i
3
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Figure 3. Depiction of the spin order (yellow arrows), orbital
ordering (dxz ) in the presence of octahedron rotation along the
x-axis and the resulting total polarization (green arrow). For
collinear spin order, the total polarization P returns to appear in the
presence of octahedron rotation (a) though it is known [20] to
vanish in the absence of octahedron rotation (b). Here the
non-uniform orbital ordering produced by octahedron rotation (a)
plays an important role.

Figure 2. Illustration of the relations between total polarization P

and various magnetic orders, such as collinear (a), cycloidal (b),
transverse conical (c) and longitudinal conical (d) orders. Here the
black arrows denote the spin direction at every site and the green one
represents the induced polarization. As a comparison, the induced
polarization for the special case without twisting αi,i+1 = 0 are also
plotted at the right accordingly. It is worthwhile to emphasize that,
for (a) and (d), the polarization vanished in the uniform case
αi,i+1 = 0 but returns to appear in the non-uniform case αi,i+1 = 0.

o-RMnO3 with E-type spin order the P i is also perpendicular
to the spin direction [28–30, 41, 42].

equation of the spin current needs to be considered. Clearly,
the relation between spin current and the vector spin chirality
is modiﬁed in the presence of octahedron rotation. Thus the
relation between the electric polarization and spin current can
still be written as P ∝ ei,i+1 × J i→i+1 which implies that the
spin current mechanism remains intact [20]. In the following
sections, we apply the formula (7) to various spin orders and
make discussions thereof.

4.2. Out-of-plane tilting of the polarization existing in cycloidal
magnetic order

We consider the cycloidal magnetic order shown in ﬁgure 2(b),
namely, ei = (cos ϑi , sin ϑi , 0). Here the spin lies in the x-y
plane and ϑi denotes the angle between the x-axis and the spin
on the ith site. Equation (7) becomes
⎧
(P ) = 0,
⎪
⎪
⎨ i x
(P i )y = λ cos(2αi,i+1 ) sin(ϑi − ϑi+1 ),
(10)
⎪
⎪
⎩
(P i )z = −λ sin(2αi,i+1 ) sin(ϑi+1 + ϑi ).

4. Applications to various spin orders
4.1. Non-vanishing polarization appearing in collinear
magnetic order

If there is no octahedron rotation, i.e. αi,i+1 = 0, the above
polarization formula reduces to the one of [20], which means
the polarization is just along the y-axis. Whereas, in the presence of octahedron rotation αi,i+1 = 0, equation (10) tells us
that there will be a non-zero z-component in the induced polarization, which is shown in ﬁgure 2(b).
Actually, it is worthwhile to discuss a general spin spiral
order. Let β denote the angle of inclination between the normal
vector ns of the spin rotation plane and the bond ei,i+1 . If we
deﬁne the direction of the bond as the x-axis, the normal vector
reads ns = (cos β, sin β, 0) and the general spiral magnetic
order is expressed as ei = (− sin β cos θi , cos β cos θi , sin θi ).
Consequently, one can write out the electric polarization
according to formula (7) for a general spiral order. The special
case of proper-screw order corresponds to β = 0 and the
cycloidal order corresponds to β = π/2. The conventional
inverse DM mechanism predicts that electric polarization lies
in the spin rotation plane in the absence of octahedron rotation,
i.e. P ⊥ (ei × ei+1 ). In the presence of octahedron rotation
(α = 0), electric polarization will not be restricted to the spin

Let us consider a ferromagnetic order, i.e. parallel spin aligning along the direction (cos ϑ, sin ϑ cos ϕ, sin ϑ sin ϕ) where
ϑ denotes the zenith angle from the positive x-axis and ϕ denotes the azimuthal angle in the y-z plane from the y-axis as
shown in ﬁgure 2(a), equation (7) gives rise to


P i = λ sin 2αi,i+1 sin 2ϑ 0, − sin ϕ, cos ϕ ,
(9)
that implies the appearance of non-vanishing polarization P i
for the parallel spin order. For the case of anti-parallel neighboring spins, the polarization P i in equation (7) will have an
opposite sign. Actually, as we can see from the above equation
the P i is perpendicular to the spin direction as well as ei,i+1
which is also demonstrated in ﬁgure 2(a). Our formula also
manifests that the induced polarization P i in the collinear case
is in the same order of magnitude as that for the spiral insulators [20]. Thus the combination of collinear spin order and
non-uniform orbital ordering due to octahedron rotation (see
ﬁgure 3) will break the inversion symmetry. We notice that in
4
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2 −φ1
. The total polarization
where w = λ sin 2ϑ sin 4αi,i+1 +φ
2
P is not zero unless one considers the uniform case [20] of
αi,i+1 = 0, which is shown in ﬁgure 2(d). Clearly, when
ϑ = π/2 the longitudinal conical order turns to be the screw
order, ei = (0, cos ϕi , sin ϕi ) and the polarization vanishes
then. We predict that the polarization will be in the y-z plane for
both longitudinal and transverse conical spin orders as long as
there is an octahedron rotation along the magnetic propagation
x-axis.

5. Summary and discussion

In order to study the effect of octahedron rotation, we proposed a microscopic formulism in terms of local coordinates
to evaluate the electric polarization for a class of multiferroics
in which the neighboring ligands’ octahedra twist. We ﬁnd
that the spin order together with the orbital ordering produced
by the octahedron rotation determine the appearance of polarization. This is because the spin order and the orbital ordering,
together, break the inversion symmetry. The spin current that
emerged in the perturbed ground state conﬁrms that the electric
polarization can still be expressed as a cross product of the spin
polarization vector of the spin current and the direction vector
that the spin current ﬂows. However, the conventional relation
between the spin current and the vector spin chirality is modiﬁed in the presence of octahedron rotation (or non-uniform
orbital ordering in other words). Thus the ferroelectricity in
this class of multiferroics can be called the spin-orbital driven
ferroelectricity.
As the obtained explicit expression of the polarization
is related to both the spin order and the relative rotation of
the nearby octahedron of ligands, we found several distinct
features for various cases. In collinear spin order, a nonvanishing polarization appears, which implies that the ligands’
rotation can signiﬁcantly enhance the bulk magnetization while
keeping the polarization in the same order of magnitude as in
spiral multiferroics. In the case of cycloidal spin order, the
electric polarization is no more restricted to the plane of spin
rotation, or in other words, the electric polarization will have
the component perpendicular to the spin rotation plane.

Figure 4. Illustration of the range of 2αi,i+1 (x-axis) and β (y-axis)

with θi − θi+1 = π/10 which is comparable to that of Cu3 Nb2 O8
when θi + θi+1 = 1.1π (blue curve), 1.3π (red curve), 1.6π (green
curve), 1.8π (black curve).

rotation plane. Let’s take Cu3 Nb2 O8 [34] as an example. In
Cu3 Nb2 O8 [34], Cu2+ sites are located in a sawtooth chain
along the a-axis with a unit cell -Cu1-Cu2-Cu2-. The ligand
ﬁeld of Cu1 is different from Cu2 as the former is CuO4 squares
while the latter is CuO4 pyramid. The experiment ﬁnds the
angle between electric polarization and ns is about 14 degrees
in Cu3 Nb2 O8 [34]. This angle can be recovered from our
expression (7) for certain parameters β and αi,i+1 . We give the
range of β and αi,i+1 in ﬁgure 4 where for a certain magnitude
of αi,i+1 there will be two values of β with various θi + θi+1 .
4.3. Variations in conical magnetic order

For transverse conical order
that is expressed as eTi = (sin γ cos ψi , cos γ , sin γ sin ψi )
where ψi denotes the azimuthal angle and γ the polar angle
with respect to the generatrix paralleling to the y-axis, the
polarization we obtained is given by
⎧
(P i )x = 0,
⎪
⎪
⎪
⎪
⎪
⎪
⎪
ψi + ψi+1
⎪
⎪
(P i )y = w1 sin 2γ sin
⎪
⎪
2
⎪
⎪
⎨
ψi + ψi+1
2
− 2w2 sin γ sin
,
(11)
2
⎪
⎪
⎪
⎪
ψi − ψi+1
⎪
⎪
⎪
(P i )z = 2w1 sin2 γ cos
⎪
⎪
2
⎪
⎪
⎪
ψi − ψi+1
⎪
⎩
+ w2 sin 2γ cos
,
2

4.3.1. Transverse conical order.
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i+1
where w1 = λ cos 2αi,i+1 sin ψi −ψ
and w2 = λ sin 2αi,i+1
2
ψi +ψi+1
cos 2 . Here we need to ﬁgure out that the total polarization
P has a y-component, which is shown in ﬁgure 2(c).
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