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Some dynamical features of partially coherent BoseEinstein condensate systems confined to double-well potentials are investigated in mean field approximation. For a
one-component system, the phenomenon of self-trapping
is studied and it is shown that the partially coherent system, like the completely coherent one, can exhibit selftrapping phenomena which are affected by both the degree
of coherence and the initial relative phase. The adiabatic
properties are studied by introducing the fidelity for mixed
states. It is shown that the fidelity can characterize the
adiabatic condition of a partially coherent system. For a
two-component system, the time evolution of the degree
of coherence for a time-dependent tunneling strength is investigated. The corresponding results imply that the degree
of coherence for such a system can exhibit decoherence
phenomena even without a condensate-environment coupling.

1 Introduction
Since the realization of Bose-Einstein condensates
(BECs) in experiment [1–3], the study of cold atoms has
become a remarkable research area which is now entangled with many other research areas, such as optics, laser, superfluids and so on. In particular, the BoseEinstein condensate in double wells oﬀers a versatile tool
to explore the underlying physics of various nonlinear
phenomena because almost all of the parameters, such
as the inter-well tunneling strength, the atomic interaction and the energy bias between the two wells, can be
tuned experimentally. So far many fascinating features,
like Rabi oscillations [4–6], Josephson oscillations [6–8],
and self trapping [8–11], have been extensively studied
in terms of BECs in double wells. In those works, the sys-

© 2012 by WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim

tem were mostly assumed to be in completely coherent
states at the initial time. Thus most of the authors only
paid attention to the time evolution of the particle distribution but neglected that of the relative phase diﬀerence
between the two wells. But we know that both the degree
of coherence and the relative phase diﬀerence can aﬀect
the dynamical properties of the system, which is worthwhile to be studied.
Additionally, the Bose-Einstein condensate system in
double wells is essentially a two-level system, so it is
expected either to be employed as a possible qubit or
to simulate certain issues [12] in quantum computation
and information. Recently, there have been many interdisciplinary studies on BECs and quantum information.
For example, the eﬀect of decoherence of BECs in double
wells was investigated experimentally by means of interference between BECs [13, 14] and studied theoretically
in terms of the single-particle density matrix [15]. In order to exhibit the phenomena of decoherence, those authors [13–15] had to introduce the condensate-environment coupling because one-species BEC were considered there. Whereas, for two-component BECs in double
wells the degree of coherence can change with time even
without the condensate-environment coupling, diﬀerent
from the one-component case. So it is also worthwhile
to investigate the coherent dynamics of two-component
BEC systems.
In this paper, we study some dynamical properties of
one-component and two-component BEC systems confined in double-well potentials, respectively. For a onecomponent system, we show that the system can exhibit
self-trapping phenomena even if the system is not completely coherent. We also study the adiabatic properties
of the system by introducing the fidelity for a mixed
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state. For the two-component system, with the help of
the reduced single-particle density matrix, we show that
such a system can exhibit decoherence phenomena without condensate-environment coupling. In the next section, we study the coherent dynamics and the time evolution of the fidelity for one-component partially coherent BECs in double wells. In Sect. 3, we investigate the
time evolution of the degree of coherence for a timedependent tunneling strength. Then a brief summary is
given in Sect. 4.

2 Dynamics and fidelity
for one-component BECs
We consider a one-component Bose-Einstein condensate system confined in a double well, where the atoms
can tunnel between the two wells. The Hamiltonian describing such a system can be written as
Ĥ = −J (â 1† â 2 + â 2† â 1 ) +

U
γ
(n̂ 1 − n̂ 2 )2 + (n̂ 1 − n̂ 2 ),
4
2

(1)

where the bosonic operators â μ† and â μ (μ = 1, 2) create
and annihilate an atomic state in the μth well, respectively. Here the parameter γ is the energy bias between
the two wells, J denotes the interwell tunneling strength,
and U the interaction strength between atoms. Although
this model was widely studied in mean-field approximation [16, 17], the authors assumed the system to be completely coherent. Whereas, we know that a realistic system of condensates may not always be in completely coherent states for various situations.
In order to study the partially coherent system, we
need to introduce the single-particle density matrix ρ
with entities ρ μν (t ) = 〈â μ† (t )â ν(t )〉/N . Clearly ρ 11 and ρ 22
represent the population in the 1st and in the 2nd well, respectively. The conservation of particle number requires
that ρ 11 + ρ 22 = 1. In mean-field approximation, one can
write the dynamical equations for the elements of ρ̂ with
the help of Heisenberg motion equation for operators,
i
i
i
i

dρ 11
dt
dρ 22
dt
dρ 12
dt
dρ 21
dt
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= −J (ρ 12 − ρ 21 ),
= J (ρ 12 − ρ 21 ),
= −γρ 12 + J (ρ 22 − ρ 11 ) −U N (ρ 11 − ρ 22 )ρ 12 ,
= γρ 21 − J (ρ 22 − ρ 11 ) +U N (ρ 11 − ρ 22 )ρ 21 ,

(2)
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where ħ is set to unit. As the density matrix is 2 × 2, the
degree of coherence corresponding to ρ̂ is given by [18]
η = 2Trρ 2 − 1,

(3)

which is an important quantity that aﬀects the dynamical properties of the system. With the help of the definition of the degree of coherence, we will investigate
the dynamical properties of the partially coherent system based on Eqs. (2) in this section. The mean-field approach is valid in the semiclassical limit. We know that
the magnitude of quantum fluctuations
around the con
densate state is on the scale of 1/ N at zero temperature.
Since the particle number N in a BEC experiment is in
the range of 104 − 107 , quantum fluctuations are characteristically small. So the mean-field approximation is an
excellent one. For the system consisting of such a large
number of particles, the exact diagonalization method is
not useful. Note that in [19], the authors compared the results of mean-field approximation with that of the exact
diagonalization method, which showed that the results
obtained by the two methods are almost the same for a
system consisting of 800 particles.

2.1 The phenomenon of self-trapping
We know that the phenomenon of self-trapping is the
most prominent nonlinear feature of atomic tunneling
between two wells. In order to study such a nonlinear
feature in the partially coherent BEC system, one needs
to solve Eqs. (2). Note that the mean-field equations for
the completely coherent BEC system have been solved
analytically by Jacobi elliptic functions in [4]. Although
the equations (2) that describe the partially coherent system are diﬀerent from that in [4], they can also be solved
analytically by means of Jacobi elliptic functions if the
parameters of the system are not time-dependent. However, since we consider a time-dependent energy bias γ
in the calculation, the equations (2) can not be solved
analytically. So we solve them numerically. In the calculation, we adopt a linearly time-dependent energy bias
γ = αt where α is a constant characterizing the rate of
the change of the energy bias γ. The initial values are

taken as ρ 11 = ρ 22 = 12 and ρ 12 = 12 η exp i φ, where φ is
the phase diﬀerence between the condensates in the two
wells at initial time. Our results are summarized in Fig. 1
and Fig. 2.
In Fig. 1, we plot the time-evolution of the population diﬀerence Δρ = ρ 11 − ρ 22 between the two wells for
diﬀerent initial relative phases and degrees of coherence.
From this figure, we find that the system can exhibit the
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Figure 1 (online color at: www.ann-phys.org) Time-evolution of
the population difference Δρ between the two wells for different
initial relative phases and degrees of coherence (η = 0.6 for the
upper panel and η = 0.8 for the lower panel). The other parameters
are U N /T = 4 and α/T 2 = 5.

phenomenon of self-trapping even if the system is not
completely coherent, i.e., 0 < η < 1. Comparing the two
lines in the same panels of Fig. 1, we see that the number of particles in the lower well is always larger than that
in the upper well (i.e., ρ 22 > ρ 11 ) for φ = π/3, which is
in contrast to the case φ = π. This implies that the initial relative phase can aﬀect the particle distribution between the two wells. In Fig. 2, we plot the final population diﬀerence Δρ versus the initial relative phase and
the degree of coherence in the upper and lower panel,
respectively. The upper panel of Fig. 2 confirms that the
initial relative phase can aﬀect the distribution of atoms
for fixed degrees of coherence. Whereas, the lower panel
of Fig. 2 shows that when the initial relative phase diﬀerence is fixed, the larger the degree of coherence is, the
larger the population diﬀerence between the two wells
at the final time will be. Note that in this subsection, because we consider an isolated system, i.e., the system
does not couple to an environment, the degree of coherence does not change with time in the calculation. Although the self-trapping phenomena have been studied
in [4, 8–11], the authors mainly considered a completely
coherent system. Here we consider a partially coherent
system which can exhibit more fascinating self-trapping
phenomena.
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Figure 2 (online color at: www.ann-phys.org) The final population difference Δρ between the two wells versus the initial relative
phase (upper panel) and the degree of coherence (lower panel). The
parameters are the same as in Fig. 1.

2.2 Adiabatic fidelity for partially coherent system
Now we are in the position to study the adiabatic properties of the partially coherent system with the help of fidelity for mixed states. As a prominent property of the
quantum system, the adiabatic evolution of linear systems were widely investigated and the adiabatic condition law has been given in many textbooks of quantum
mechanics. Although the adiabatic features of nonlinear
system were studied in [20], the authors assumed the
system to be in a completely coherent state. It is therefore worthwhile to study the adiabatic properties of the
partially coherent BEC system in double wells. We introduced the definition of fidelity for an ultracold atomto-molecule conversion system to study the relation between the atom-to-molecule conversion eﬃciency and
the adiabatic property of the system in [21], where the
system is in a completely coherent state. Now in order
to study the adiabatic property for the partially coherent
BEC system, we introduce the definition of fidelity for a
mixed state:
1

F (ρ 1 ρ 2 ) = Tr(ρ 1 ρ 2 ) + 2(detρ 1 detρ 2 ) 2 .

(4)
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The above definition requires that the matrix ρ 1 ρ 2 ρ 1
is 2 × 2 and its eigenvalues are not negative. Note that
such a condition can be always satisfied in the following
calculations.
We express the elements of the density matrix ρ̂ as
ρ 11 =
ρ 22 =


1 + ηZ
2


,

1 − ηZ
2

and

ρ 12 =

η

2

where η is the degree of coherence. Substituting the
above expressions of ρ μν into the dynamical Eqs. (2), we
get the dynamical equations for Z , R and I :
dZ
= −2T I ,
dt
dR

= −(γ +U N ηZ )I ,
dt
dI

= (γ +U N ηZ )R + 2T Z .
dt

(5)

From Eq. (3), we can see that the parameters Z , R and I
satisfy the relation Z 2 + R 2 + I 2 = 1. It is easy to find that
Eqs. (5) are equivalent to the nonlinear dynamical equations for a BEC confined in triple wells under the following identifications: Z = P l , I = i P m and R = P r , where P l ,
P m and P r denote the population distributions in the left,
middle and right well, respectively [22]. The atoms can
tunnel between the left-middle and right-middle wells,
and the corresponding tunneling strengths are 2T and

γ + U N ηP L , respectively. Note that for the BEC system
in double wells the variables Z , R and I are real quantities, while for the BEC system in triple wells the variables
P l , P m and P r are complex numbers.
Recently, there have been several proposals to coherently manipulate single BECs [23–25] in triple-well potentials by the stimulated Raman adiabatic passage (STIRAP) technique. The success of this STIRAP technique
requires that the system can adiabatically follow a dark
state. The dark state involves only two states, i.e., P m = 0.

In the extreme weak interaction limit, i.e., U N η/T  1,
the dark state can be written as
⎞
⎛ ⎞ ⎛
cosθ(t )
Pr
⎟
⎜ ⎟ ⎜
(6)
|d(θ)〉 = ⎝ 0 ⎠ = ⎝
⎠,
0
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θ(t ) = arctan




γ +U N ηP l
2T

− sin θ(t )
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.

Note that θ(t ) is not a parameter of the system but a dynamical variable since it contains the population diﬀerence Z (P l ) in its definition. According to the above relations, the density matrix corresponding to the dark state
can be written as
⎛
⎞


1 − η sin θ(t )
η cosθ(t )
⎜
⎟
2
2
⎟
(7)
ρ̂ 0 (t ) = ⎜
⎝ η cos θ(t ) 1 + η sin θ(t ) ⎠ .
2

(R + i I ),

Pl

where

2

Now we calculate numerically the fidelity for the dark
state ρ̂ 0 (t ) to characterize whether the dark state ρ̂ 0 can
be followed adiabatically. In the calculation, we assume
that the system is in the dark state at the initial time and
take the parameters γ = αt and U = 0.005T . For these
parameters, the initial values are ρ 11 (0) = ρ 22 (0) = 1/2

and ρ 12 (0) = η/2. Then we can determine the time
evolution of ρ̂(t ) with the help of Eqs. (2). According to
Eq. (4), it is easy to get the time evolution of the fidelity
F (ρ 0 , ρ). In addition, we know that for the linear system,
the adiabatic condition requires that |θ̇| should be much
smaller than the energy separation ΔE between the dark
state and the energetically closest one. For the dark state

Eq. (7), ΔE = 4T 2 + (γ +U N ηP l )2 . So in the extreme
weak interaction limit, the adiabatic condition of the BEC
system reads |θ̇|  ΔE . Our results are summarized in
Fig. 3 and Fig. 4, which show that both F ∼ 1 and |θ̇|  ΔE
can be regarded as the adiabatic condition.
In Fig. 3, we plot the time evolution of the fidelity
for the dark state and the ratio of θ̇ and ΔE in the case
of η = 0.8. From Fig. 3(a), we can see that the value of
the fidelity is equal to 1 when α = 0.0025(T 2), which implies that the dark state ρ̂ 0 can be adiabatically followed.
Such a case is in contrast to that of α = 0.25(T 2 ) and
α = 2.5(T 2 ). The results plotted in Fig. 3(a) show that
the adiabatic fidelity for mixed states can characterize
the adiabatic condition. Meanwhile, from the textbook
of quantum mechanics, we know that if the dark state
ρ̂ 0 can be adiabatically followed, the ratio of |θ̇| and ΔE
must be much smaller than 1, i.e., g = |θ̇|/ΔE  1. From
Fig. 3(b), we can find that the adiabatic condition is satisfied when α = 0.0025(T 2) but it not be satisfied when
α = 0.25(T 2 ) and α = 2.5(T 2), which agrees with the results shown in Fig. 3(a). In Fig. 4, we plot the dependence
of the minimum value of the fidelity and the maximum
value of g on the rate of the change of the energy bias γ.
From this figure, we can see that when g  1, the value
of fidelity approaches 1, which confirms that both the
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Figure 4 (online color at: www.ann-phys.org) The dependence of
the minimum value of the fidelity and the maximum value of the
ratio of |θ̇| and ΔE on the rate of change of the energy bias γ. The
parameters are the same as in Fig. 3.

with time even without the condensate-environment
coupling. The Hamiltonian of the system is given by
Ĥ = −J a (â 1† â 2 + H.c.) − J b (b̂ 1† b̂ 2 + H.c.)
Figure 3 (online color at: www.ann-phys.org) The time evolution
of the fidelity for the dark state (a), and the time evolution of the
ratio of |θ̇| and ΔE (b). The parameters are U = 0.005T and η =
0.8.

fidelity for mixed state and g can characterize the adiabatic condition.

3 Time-evolution of the degree of coherence in
two-component BECs
In the above section, we considered the one-component
BEC system whose degree of coherence is time-independent without a condensate-environment coupling.
In this section, we will study the time evolution of the
degree of coherence for the two-component BEC system in double wells and show that the degree of coherence for such a two-component system can evolve

+
i

1
(Ũ aa n̂ ai n̂ ai + Ũbb n̂ bi n̂ bi ) +
2

Ũ ab n̂ ai n̂ bi ,

(8)

i

where â i† (b̂ i† ) and â i (b̂ i ) create and annihilate a bosonic
atom of component a (b) in the i th well, respectively;
n̂ ai = â i† â i (n̂ bi = b̂ i† b̂ i ) denotes the particle number operator of component a (b).
In mean-field approximation, the expectation values
of the annihilation operators
 can be replaced
by complex
numbers, i.e., a i = 〈â i 〉/ N and b i = 〈b̂ i 〉/ N . For simplicity of writing, we introduce the wave function |ψ〉,
|ψ〉 = a 1 , a 2 , b 1 , b 2

T

=

σ,i

|σ〉⊗ |i 〉,

(9)

where the state |σ〉 = | a〉 or |b〉 specifies the two diﬀerent
species while |i 〉 = |1〉 or |2〉 specifies the two wells. Then
we can write the dynamical equations for | ψ〉 with the
help of Heisenberg equation for operators, namely,
i

d
|ψ〉 = Heﬀ |ψ〉,
dt

(10)

where
⎛
⎜
⎜
Heﬀ = ⎜
⎜
⎝

U a |a 1 |2 +U ab |b 1 |2

−J a

0

0

−J a

U a |a 2 |2 +U ab |b 2 |2

0

0

0

0

Ub |b 1 |2 +U ab |a 1 |2

−J b

0

0

−J b

Ub |b 2 |2 +U ab |a 2 |2
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⎞
⎟
⎟
⎟,
⎟
⎠

(11)
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with U a = Ũ aa N , Ub = Ũbb N , and U ab = Ũ ab N . In order
to study the time evolution of the system, we introduce
the density matrix ρ̂ =| ψ〉〈ψ | which is a 4 × 4 matrix. Its
diagonal elements ρ 11 (ρ 22 ) and ρ 33 (ρ 44 ) represent the
population of component a (b) in the first and second
well, respectively. From the definition of ρ̂ , we can see
that the density matrix ρ̂ describes a pure state. So the
time evolution of the elements of ρ̂ can be obtained by
solving Eqs. (10). Here we only focus on the total particle
distribution between the two wells but not distinguish
the two components, so the system can be described by

the reduced density matrix ρ̂ r = σ 〈σ | ρ̂ | σ〉 whose elements are ρ r11 = ρ 11 + ρ 33 , ρ r12 = ρ 12 + ρ 34 , ρ r21 = ρ 21 + ρ 43 ,
and ρ r22 = ρ 22 + ρ 44 . Clearly, the diagonal elements of ρ̂ r
denote the total population distribution in the first and
second well, respectively. The density ρ̂ r , as a 2×2 matrix,
describes a mixed state and its corresponding degree of
coherence is determined by Eq. (3).
Now we are in the position to calculate the time evolution of the system described by the reduced density matrix ρ̂ r . In the numerical calculation, we take J
a = Jb = J
for
simplicity
and
choose
the
initial
state
a
=
0.3, a 2 =
1


0.2 exp (i π), b 1 = 0.5, and b 2 = 0. Here we consider a
time-dependent J ,
J = J 0 sin ωt

(0 ≤ t ≤ π/ω),

(12)

i.e., J increases from zero to its maximum value J 0 and
then decreases to zero again in the end of the calculation.
We first obtain the time evolution of the elements of ρ̂
by solving Eqs. (10). Then we get the time evolution of
the degree of coherence with the help of Eq. (3) and the
definition of ρ rμν (μ, ν = 1, 2).
In Fig. 5, we plot the time evolution of the degree of
coherence for the form of inter-well tunneling strength
given in Eq. (12). This figure shows that the degree of coherence for the two-component system can change with
time without the condensate-environment coupling,
which is diﬀerent from the case of a one-component system. For the form of J given in Eq. (12), the degree of
coherence oscillates with time and the tendency of oscillation depends on the initial states and the parameters
of the system. So one can control the time evolution of
the degrees of coherence by changing the initial states or
tuning the parameters of the system. Note that the time
evolution of the degree of coherence is not periodic for
the time-dependent J we considered here. If the degree
of coherence oscillates periodically with time, one can
control the time evolution of degree of coherence more
easily. Such a case has been discussed in [26].
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Figure 5 (online color at: www.ann-phys.org) Time evolution of
the degree of coherence for a time-dependent inter-well tunneling
strength. The parameters areUb = 2U a /3,U ab = U a /3, and ω =
0.04U a /3.

4 Summary
In the above, we studied some dynamical properties
of a Bose-Einstein condensate system in double wells.
For one-component BECs, we firstly studied the phenomenon of self-trapping for partially coherent systems
and showed that the system can also exhibit the selftrapping phenomenon even if it is not completely coherent. Our results imply that both the degree of coherence and the initial relative phase diﬀerence can affect the final particle population distribution between
the two wells. Secondly, we investigated the adiabatic
property of the one-component partially coherent system by introducing the definition of fidelity for mixed
states. We showed that the adiabatic fidelity can characterize whether a state can be followed adiabatically in the
extreme weak interaction limit. In order to confirm our
results, we compared the adiabatic condition described
by the adiabatic fidelity with that given in textbooks of
quantum mechanics. For a two-component BEC system,
we studied the time evolution of the degree of coherence
with the help of the reduced density matrix and showed
that unlike the one-component system, the degree of coherence for the two-component system can change with
time even without a condensate-environment coupling.
This is helpful in order to control the degree of coherence
of a two-component BEC system in double wells.
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