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Abstract. We show that the eﬃciency of manipulating electron spins in semiconductor quantum wells
can be enhanced by tuning strain strengths. The combined eﬀects of intrinsic and strain-induced spinorbit couplings vary for diﬀerent quantum wells, which provide an alternative route to understand the
experimental phenomena brought in by the strain. The contribution to the electron-dipole-spin-resonance
intensity induced by the strain can be changed through adjusting the direction of the ac electric ﬁeld in
the x-y plane of the quantum well and tuning the strain strengths.
PACS. 71.70.Ej Spin-orbit coupling, Zeeman and Stark splitting, Jahn-Teller eﬀect – 71.70.Fk Straininduced splitting – 78.67.De Quantum wells – 85.75.-d Magnetoelectronics; spintronics: devices exploiting
spin polarized transport or integrated magnetic ﬁelds

1 Introduction
Manipulating electron spins by an external electric ﬁeld
is a central issue in the realization of spintronics on the
basis of solid-state materials [1–4] as it is important for
quantum computing and information processing [5]. In
a recent experiment, electron spins have been manipulated by means of a voltage-controlled g-tensor modulation technique which is applicable for materials with small
g factors merely [6]. Recently, a theory of electric dipole
spin resonance (EDSR) has been proposed to investigate
the manipulation of electron spins in parabolic quantum
wells [7,8]. An in-plane and a perpendicular electric ﬁeld
can be used to eﬃciently manipulate electron spins in
quantum wells. This theory requires a tilted magnetic ﬁeld
but does not require the g factors to be small. On the
contrary, the large g factors typical of narrow-gap A3 B5
semiconductors are advantageous for the manipulation of
electron spins.
It has been recently recognized that strain-induced
spin-orbit couplings can be used to eﬀectively manipulate electron spins in the absence of applied magnetic
ﬁelds, which provides an alternative route, called strain
engineering, for the solid-state spin manipulation. For example, it has been employed to control the electron-spin
precession [9–11] in zinc-blende structure semiconductors
and to tune the spin coherence with a signiﬁcant enhancement of the spin dephasing time [12]. In semiconductor
epilayers, the eﬀect of the strain on electron-spin transport [13] and that of uniaxial tensile strain on spin coherence [14,15] have also been carried out in recent experiments. The types of strain-induced spin-orbit couplings
a
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in strained bulk semiconductors were analyzed [16] theoretically, whereas, it is not very clear so far which type
of strain-induced spin-orbit couplings (i.e., Rashba-type
or Dresselhuas-type) [9,16] plays an important role in manipulating electron spins. Since the spin manipulation utilizing the eﬀect of strain can be easily realized in practical
devices, it will be worthwhile to investigate the eﬀect of
strain-induced spin-orbit couplings.
In this paper, we show that the eﬃciency of manipulating electron spins can be enhanced through adjusting the
strain strength of the semiconductor quantum wells. The
combined eﬀects of intrinsic and strain-induced spin-orbit
couplings vary for diﬀerent systems. We propose a method
to change the contribution to the EDSR intensity through
adjusting the direction of the ac electric ﬁeld in the x-y
plane of the quantum well and tuning strain strengths.
This paper is organized as follows: in the next section, we
give a general consideration on the EDSR intensity caused
by both intrinsic and strain-induced spin-orbit couplings.
In Sections 3 and 4, we consider systems with intrinsic
spin-orbit couplings of Dresselhaus type and Rashba type
respectively. The spin manipulation for an InSb quantum
well under strain eﬀects is investigated in terms of the
EDSR intensity. As a comparison, the combined eﬀects of
intrinsic and strain-induced spin-orbit couplings in some
other kinds of semiconductor quantum wells are also studied. A summary of our main conclusion is given in the last
section.

2 General consideration
For two-dimensional electrons in quantum wells or heterostructures of zincblende semiconductors, there exist
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two intrinsic spin-orbit couplings called Dresselhaus and
Rashba couplings that arise from the bulk-inversion asymmetry and the structure-inversion asymmetry of materials,
respectively. In this paper, we investigate a heterostructure with the [001] growth direction coinciding with the z
axis. The Dresselhaus spin-orbit coupling can be obtained
by averaging the corresponding bulk expression over the
motion relevant to the conﬁned degree of freedom [17]. If
the ﬁrst electron subband is merely populated in quantum
D
wells, the Dresselhaus type Hamiltonian Hin
is given by
D
Hin
= σx kx (λky2 − β) + σy ky (β − λkx2 ),

(1)

where β = λkz2  with λ denoting the Dresselhaus spinorbit coupling strength and kz2  being averaged over
D
the ground state. Here Hin
contains both linear and
cubic terms in k. In semiconductor heterostructures,
there exists an additional interface contribution to the
Dresselhaus spin-orbit coupling, which is absent in bulk
systems [18,19]. However, the interface contribution is usually neglected in the theoretical calculations. We also neglect the interface contribution to the Dresselhaus spinorbit coupling since the approximation does not aﬀect our
theoretical analyses.
The Rashba spin-orbit Hamiltonian can be written
as [20,21],
R
= α(σx ky − σy kx ),
Hin

(2)

where α refers to the Rashba spin-orbit coupling strength.
In some systems, the Rashba or the Dresselhaus spinorbit coupling dominates over the other eﬀects. In order
to manipulate electron spins eﬃciently, it becomes important to know the relative strengths between Rashba and
Dresselhaus interactions in considered systems.
In zinc-blende type semiconductors, strain can introduce an additional spin-orbit coupling which can be of
structure-inversion-asymmetry type [22],
R
Hst
=

1
C3 [σx (xy ky − xz kz ) + σy (yz kz − yx kx )
2
(3)
+σz (zx kx − zy ky )].

It can also be of bulk-inversion-asymmetry type if the diagonal components of the strain tensor ii are included
D
Hst
= D[σx kx (zz − yy ) + σy ky (xx − zz )
+σz kz (yy − xx )].

(4)

Here C3 and D > 0 are material constants, and ij
(i, j = x, y, z) denote the components of the strain tenD
R
and Hin
in equations (1) and (2) insor. We call Hin
trinsic spin-orbit couplings so as to distinguish them from
the strain-induced spin-orbit couplings in equations (3)
and (4). These four types of spin-orbit couplings may
take place simultaneously if strain is exerted on a sample. However, they can play diﬀerent roles in manipulating electron spins. It is worthwhile to study which kind
of strain-induced spin-orbit couplings plays an important
role in spin manipulation in various semiconductor quantum wells.

In order to carry out a general calculation of the EDSR
intensity for semiconductor quantum wells with spin-orbit
couplings, we consider
H = H0 + Hso + eE(t) · r,

(5)

which describes two-dimensional electrons with the spinorbit coupling in a parabolic quantum well. An in-plane
ac electric ﬁeld E(t) = E(t)(cos φ, sin φ, 0) and a tilted
magnetic ﬁeld B(θ, ϕ) with θ and ϕ being the polar and
azimuthal angle of B together with a strain are applied
to the system. Accordingly, the ﬁrst term in equation (5)
reads
e 2 1  2 2 g
1 
H0 =
p
+
A + m ω0 z + μB σ · B,
2m
c
2
2
where A is the vector potential of the tilted magnetic ﬁeld,
m denotes the eﬀective electron mass, and ω0 characterizes the parabolic potential well. The second term Hso in
equation (5) may include both intrinsic and strain-induced
spin-orbit couplings.
It was noticed that [23,24] the anisotropy of the g
factor depends on the spin-orbit coupling and the external magnetic ﬁeld. While, we do not take the anisotropy
of the g factor into account in this paper since for the
systems considered here the spin-orbit coupling energy
is relatively small in comparison to other energy scales,
such as the conﬁnement energy ω0 , the cyclotron energy ωc = eB/m c and the Zeeman-splitting energy
ωz = gμB B. In order to derive an explicit expression for
the spin-ﬂip transition probabilities, we assume parabolic
bands by omitting the contribution of the higher order
terms to the eﬀective mass [18,25,26]. The nonparabolic
eﬀects of the bands can be evaluated by a further approximation treatment.
To diagonalize the Hamiltonian H0 , one needs to rotate the original coordinate frame {x̂, ŷ, ẑ} to the new one
{x̂ , ŷ  , ẑ  }, where ẑ  is chosen in alignment with the orientation of B, ŷ  is lying in x-y plane, and x̂ is chosen
to form a right-hand triple with ŷ  and ẑ  . Thus the coordinates in both frame systems are related, (x̂, ŷ, ẑ) =
(x̂ , ŷ  , ẑ  )RT , by
⎛
⎞
cos θ cos ϕ, − sin ϕ, sin θ cos ϕ
R = ⎝ cos θ sin ϕ, cos ϕ, sin θ sin ϕ ⎠,
− sin θ,
0,
cos θ
which also relates the momentum components in the two
frame systems, ki = Rij kj (here i, j = x, y, z). By using
the Landau gauge A = (0, Bx , 0), H0 can be written as
the sum of two harmonic oscillators [8] and its energy
levels are given by

1
Es (n+ , n− ) = ω+ n+ +
2

1
s
+ ω− n− +
+ ωz , (6)
2
2
where s = ±1 label the spin states and n± refer to the
orbital quantum numbers, ω± (θ) are the frequencies of

Y. Li and Y.-Q. Li: Strain-assisted spin manipulation in a quantum well

T D+R = −

λ
Q3
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[ωc cos(ϕ − φ) cos θ + iωz sin(ϕ − φ)]ΩQν Q1
ν=+,−

+[Ωωc cos θ sin(ϕ − φ) − iωz cos(ϕ − φ)(Ω + ωc2 sin2 θ)]Qν Q2 +

β
cos(ϕ − φ)
Q3

[Ωωc cos θ(i cos 2ϕ − sin 2ϕ cos θ) + ωz (Ω + ωc2 sin2 θ)(sin 2ϕ − i cos 2ϕ cos θ)]
+i sin(ϕ − φ)Ω[ωz (i cos 2ϕ − sin 2ϕ cos θ) + ωc cos θ(sin 2ϕ − i cos 2ϕ cos θ)]
−

γ
cos(ϕ − φ)[Ωωc cos2 θ + ωz (Ω + ωc2 sin2 θ)] + i cos θ sin(ϕ − φ)(ωc + ωz )Ω ,
Q3

3 Systems with intrinsic Dresselhaus coupling

the coupled cyclotron-conﬁnement modes
2
ω±
(θ) =
2

Δ =

3.1 Strain-induced Rashba-type coupling

ω02 + ωc2 ± Δ2 sgn(ω0 − ωc )
,
2
(ω04

+

ωc4

−

2ω02 ωc2

1/2

cos 2θ)

.

(7)

Since the spin-orbit coupling energy is relatively small in
comparison to other energy scales, one can calculate the
EDSR intensity by employing the method proposed in reference [8]. The strategy of this method is to eliminate the
terms related to spin-orbit couplings in the original Hamiltonian with the help of a canonical transformation eF .
After some algebraic calculations, the operators of coordinates and momenta in the original coordinates can be
expressed as linear combinations of the creation and annihilation operators of the harmonic oscillators. Furthermore, the spin-orbit coupling Hso and the interaction term
eE(t) · r can be expressed in terms of the creation and
annihilation operators. The EDSR intensity I ∝ | T |2 is
obtained by evaluating the matrix elements T which characterize the spin-ﬂip transitions induced by the ac electric
ﬁeld E(t), namely,
T =

(11)


1
n+ , n− , ↑| E(t) · F̂ , r | n+ , n− , ↓.
E(t)

(8)

Here the operator F̂ is perturbatively determined by the
following relation
n+ , n− , s | F̂ | n+ , n− , s =
n+ , n− , s | Hso | n+ , n− , s
+ high order. (9)
Es (n+ , n− ) − Es (n+ , n− )
This is the condition for the cancellation of the spin-orbit
coupling term Hso with the ﬁrst order (or further orders
if necessary) perturbation terms brought in by the canonical transformation eF̂ , which connects the eigenstates of
H0 + Hso with the eigenstates of H0 . Note that the Pauli
matrices as well as r in equation (5) are with respect to
the original coordinate frame {x̂, ŷ, ẑ}. They should also
be reexpressed with respect to the new coordinate frame
{x̂ , ŷ  , ẑ  } so that equations (8) and (9) are computable.

We ﬁrstly consider the strain-induced Rashba-type spinorbit coupling for the systems with intrinsic Dresselhaus
coupling (we call D + R case for brevity). A concrete example of such a system is an InSb quantum well [27],
D
R
where Hin
dominates over Hin
with typical value λ =
3
200 eVÅ [28]. The spin precession for two dimensional
electrons in the InSb quantum well is described by the
following Hamiltonian
D+R
D
R
Hso
= Hin
+ Hst
= β(σy ky − σx kx ) + γ(σx ky − σy kx )

+λ(σx kx ky2 − σy ky kx2 ),
γ = 12 C3 xy ,
direction (xy

(10)

the uniaxwhere the strain parameter
= 110 /2,
ial strain is along the [110]
with all other oﬀ-diagonal elements vanishing), C3 =
1.13 × 10−7 eV cm [29,30] and the electric ﬁeld is in-plane
( kz  = 0). Another contribution including the diagonal
elements of the strain tensor ii exists, but is negligibly
small according to reference [31]. The former two terms in
equation (10) are linear in momenta so that they appear as
linear combinations of the creation and annihilation operators in the new coordinate frame. The last term is cubic in
k for which we only need to keep those parts with nonvanishing contribution to the matrix elements of equation (8).
As we have kept the term proportional to λ in the original Hamiltonian, we have to account for the second order
terms appearing after the canonical transformation. After
tedious calculations, we ﬁnd that the term proportional
to γβ vanishes while the term proportional to λ remains.
As a result, in the lowest energy level, n+ = n− = 0, we
obtain from the formula (8) that
see equation (11) above
where

 cos θ
Q1 =
+ i cot 2ϕ Q4 + (cos θ sin 2ϕ − i cos 2ϕ)
2
ω2 ω2
×(1 − +2 ) c2 sgn(ω0 − ωc ),
ωc Δ
3
Q2 = iQ4 + (cos θ cos 2ϕ + i sin 2ϕ)
2
ω2 ω2
×(1 − +2 ) c2 sgn(ω0 − ωc ),
ωc Δ
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γ=0.5
γ=1
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Fig. 1. The angular dependence of the EDSR intensity I(θ, ϕ)
(arb.units) is plotted for a [001] InSb quantum well with the
strain component xy = 0 (left panel) and xy = 0.13% (right
panel). Other parameters are taken as ωc /ω0 = 0.5, ωz /ω0 =
−0.16, β = 1, φ = π/4, an imaginary part iδ(δ = 0.05ω0 ) is
added to Q3 to eliminate the divergent pole.
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Q3 = ω02 (ωc2 cos2 θ − ωz2 ) − ωz2 (ωc2 − ωz2 ),
ω2
Q4 = − c2 sin 2ϕ sin2 θ sgn(ω0 − ωc ),
Δ
Q± = m ω± /2,
Ω = ω02 − ωz2 .
The terms proportional to β and γ in equation (11) are
in agreement with the results [8] for pure Dresselhaus
and Rashba spin-orbit couplings. Note that strain-induced
Dresselhaus and Rashba spin-orbit couplings can result in
similar contribution terms. Then it is not diﬃcult to understand the matrix elements of the spin-ﬂip transition in
the following parts.
Firstly, we investigate the angular dependence of the
EDSR intensity for the InSb-based strained quantum well.
In Figure 1, we present the EDSR intensity as a function
of the magnetic ﬁeld direction θ and ϕ with the ﬁxed direction of the electric ﬁeld E  [110](φ = π/4). In our
calculations, the system’s parameters are chosen by referring to experimental situations, i.e., λ = 200 eVÅ3 , C3 =
1.13 × 10−7 eV cm, ωz /ωc = −0.32, ω0 = 2eB0 /(m c)
with B0 = 2 T, β = λ kz2  = λm ω0 /(2) and m =
0.014m0 with m0 being the mass of the free electron. We
set β = 1 and an imaginary part iδ (δ = 0.05ω0) is added
to Q3 to eliminate the divergent pole in the numerical calculation. As illustrated in the left panel of Figure 1, the
EDSR intensity increases when the magnetic ﬁeld is tilted
with small polar angle θ and the strain component xy is
zero. This feature implies that the manipulation of electron spins becomes more eﬃcient with a tilted magnetic
ﬁeld. It is seen from the left panel of Figure 1 that the
EDSR intensity possesses a twofold symmetry. Since the
D
possesses a symmetric group C2v , the
linear term of Hin
second term in equation (11), which is the dominant contribution to the EDSR intensity in the absence of strain,
has a twofold symmetry. Therefore, the EDSR intensity,
which is propotional to the module square of the matrix
element T, exhibits a fourfold symmetry. However, when
the direction of E is ﬁxed at φ = π/4, the EDSR intensity has only a twofold symmetry as illustrated in the left
panel of Figure 1, in agreement with the result of reference [8]. The eﬀect of the strain-induced spin-orbit cou-
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Fig. 2. The EDSR intensities versus the magnetic ﬁeld in
the D + R case are plotted for two diﬀerent directions of the
ac electric ﬁeld (a) φ = π/4 and (b) φ = 3π/4 with diﬀerent
strain strengths. Other parameters are taken as m = 0.014m0 ,
ωz /ωc = −0.32, θ = 0, ϕ = 0, β = 1, xy = γ × 0 , and
0 = 2β/C3 = 0.13%.

pling is presented in the right panel of Figure 1. The strain
component is xy = 2β/C3 = 0.13% and the direction of
E is also ﬁxed at φ = π/4. It is obvious that the maximum of the EDSR intensity can be increased signiﬁcantly
under strain eﬀects. The increment of the EDSR intensity
means that the strain-induced spin-orbit coupling can be
used to enhance the eﬃciency of spin manipulation of electrons. We can ﬁnd that the EDSR intensity possesses only
a twofold symmetry. The twofold symmetry of the EDSR
intensity arises from the combined action of the Rashba
spin-orbit coupling and the linearized Dresselhaus spinorbit coupling.
Figure 2 illustrates the magnetic ﬁeld dependence of
the EDSR intensity. The magnetic ﬁeld perpendicular to
x-y plane of the quantum well, namely θ = 0 and ϕ = 0, is
introduced for a conveniently experimental measurement.
The direction of the ac electric ﬁeld is ﬁxed at φ = π/4 or
φ = 3π/4. Here, the unit of the EDSR intensity is 1/2 ω02
with ω0 being the same value as the one in Figure 1; the
other parameters are chosen as m = 0.014m0 , ωz /ωc =
−0.32, β = 1, xy = γ × 0 and 0 = 2β/C3 = 0.13%. As
shown in Figure 2a, the maximum of the EDSR intensity
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T D+R ∝

ωc2

1
[β(i cos φ − sin φ)(ωc − ωz )
− ωz2
−γ(cos φ − i sin φ)(ωc + ωz )].

Consequently, the EDSR intensity behaves as
I D+R (φ) ∝

1
[γ 2 (ωc + ωz )2 + β 2 (ωc − ωz )2
(ωc2 − ωz2 )2
+2γβ sin 2φ(ωc2 − ωz2 )].

(12)

It is obvious that the EDSR intensity approaches to zero
when γ = (ωc − ωz )β/(ωc + ωz ) = 1.94β for φ = 3π/4.
From this equation, one can see that the EDSR intensity increases monotonously for φ = π/4 while it ﬁrstly
decreases and then increases for φ = 3π/4 as the strain
strength increases. The dependence of the EDSR intensity on the direction of the ac electric ﬁeld is plotted in
Figure 3, which shows a sinusoid-like behavior with amplitude and central value being determined by the strain
strength.
We also calculate the EDSR intensity when the magnetic ﬁeld is tiled (θ = 0). The strain dependences of the
EDSR intensity are similar to the cases at θ = 0. Therefore
electron spins can be suﬃciently manipulated by using an
ac electric ﬁeld for the inversion asymmetry semiconductor quantum wells exerted with an appropriate strain.
The theoretical results above obtained could be experimentally measured. For this purpose, one may consider such a geometry that the InSb quantum well suﬀers
from compression along the [110] direction. The ac electric
ﬁeld E(t) is in the plane of the 2DEG, and the magnetic
ﬁeld is perpendicular to the plane. A permanent uniaxial
stress can be applied to the sample either with the help
of a screw putting in the sample holder or by means of
other mechanical methods [15]. In the former approach,
the strength of the uniaxial stress to the sample can be

180
γ=0.5, B=0.6T
γ=1.0, B=0.6T
γ=0.5, B=0.8T

160

EDSR intensity(arb.units)

monotonously increases from 170 units to about 600 units
as the strain strength increases from xy = 0 to xy =
0.195% for φ = π/4. However, when the direction of the
ac electric ﬁeld φ is tuned from φ = π/4 to φ = 3π/4,
the strain dependence of the EDSR intensity is changed
as illustrated in Figure 2b. The solid line shows that the
maximum of the EDSR intensity is about 170 units in
the strain-free case (i.e., γ = 0). With the increment of
the strain strength, the EDSR intensity ﬁrstly decreases
to zero when the strain strength is xy = 0.247% (i.e.,
γ ≈ 1.9), then turns to increase after the strain strength
exceeds xy = 0.247% and reaches 300 units when γ = 4.0.
Values of the strain strength between 0.04%–0.46% has
already been experimentally realized [9,16].
Let us make a qualitative analysis with respect to the
above strain dependence of the EDSR intensity. The contribution of the ﬁrst term in equation (11) is relatively
small in comparison to the other terms when the well
width is small and/or the temperature is suﬃciently low,
thus it can be neglected for a qualitative estimation. Then
the matrix element of the spin-ﬂip transition in equation (11) dominates
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Fig. 3. The EDSR intensities versus the direction of the ac
electric ﬁeld φ are plotted in the D + R case. Other parameters
are taken as m = 0.014m0 , ωz /ωc = −0.32, θ = 0, ϕ = 0,
β = 1, xy = γ × 0 and 0 = 2β/C3 = 0.13%.

varied by adjusting the screw before structural failure occurs. One can measure the EDSR intensities for the ac
electric ﬁeld along the φ = π/4 ([110]) and 3π/4 ([−110])
directions under certain strain strength. The measurement
of the EDSR intensity by tuning the strength of the uniaxial stress could be used to accomplish the veriﬁcation of
the theoretical results. The other approach is due to the
fact that the strain on samples can be realized in terms
of a technique in growing by molecular beam epitaxy. A
group of samples with diﬀerent strain strengths [9,16] can
be used to measure the EDSR intensity and to verify the
theoretical results.

3.2 Strain-induced Dresselhaus-type coupling
As a comparison, we consider other kinds of semiconductor quantum wells. If the spin-orbit coupling induced by
D
strain is assumed to be Dresselhuas-type, namely Hst
,
D
R
while Hin is still dominant over Hin in these quantum
wells, the total Hamiltonian describing the spin precession of electrons in such quantum wells (call D + D case
for brevity) is written as
D+D
D
D
Hso
= Hin
+ Hst

= σx kx (λky2 − β) + σy ky (β − λkx2 )
+γ1 (σx kx − σy ky ),

(13)

with the strain conﬁguration xx = yy and γ1 = D(zz −
xx ) > 0. The parameters λ, β and γ1 are diﬀerent for
diﬀerent kinds of quantum wells. In the following part of
this paper, we do not consider concrete materials in the
numerical calculation. In the lowest energy level, n+ =
n− = 0, the matrix element of the spin-ﬂip transition
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T D+D = −

λ
Q3


ωc cos(ϕ − φ) cos θ + iωz sin(ϕ − φ) ΩQν Q1
ν=+,−


+ Ωωc cos θ sin(ϕ − φ) − iωz cos(ϕ − φ)(Ω + ωc2 sin2 θ) Qν Q2

(β − γ1 )
cos(ϕ − φ) Ωωc cos θ(i cos 2ϕ − sin 2ϕ cos θ) + ωz (Ω + ωc2 sin2 θ)(sin 2ϕ − i cos 2ϕ cos θ)
Q3

+i sin(ϕ − φ)Ω ωz (i cos 2ϕ − sin 2ϕ cos θ) + ωc cos θ(sin 2ϕ − i cos 2ϕ cos θ) .

+

to increase for both directions φ = π/4 and φ = 3π/4.
The strain dependence of the EDSR intensity can also be
analyzed qualitatively. The matrix element of the spin-ﬂip
transition in equation (14) dominates

EDSR intensity(arb.units)
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(β − γ)(i cos φ − sin φ)
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ωc + ωz

Consequently, the EDSR intensity behaves as I D+D (φ) ∝
(β − γ)2 /(ωc + ωz )2 , which is independent of the direction of the ac electric ﬁeld. Obviously the EDSR intensity
approaches to zero when γ
β. Note that the relatively
small contribution of the ﬁrst term in equation (14) has
to be considered.
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Fig. 4. The EDSR intensities versus the magnetic ﬁeld in the
D + D case are plotted for (a) φ = π/4 and (b) φ = 3π/4. Here
B0 = ω0 m c/2e and other parameters are taken as ωz /ωc =
−0.32, θ = 0, ϕ = 0, β = 1, zz − xx = γ1 ×γ10 /D and γ10 = β.
D+D
T D+D for Hso
is calculated by using the similar method
employed in previous subsection,

see equation (14) above
The EDSR intensity as a function of the magnetic ﬁeld
is presented in Figure 4 in the D + D case. The system’s
parameters are chosen as ωz /ωc = −0.32, B0 = ω0 m c/2e,
θ = 0, ϕ = 0, β = 1, zz − xx = γ1 × γ10 /D and γ10 = β.
Although the ratio ωz /ωc may diﬀer for diﬀerent quantum
wells, the feature of the curves in Figure 4 can present the
strain dependence of the EDSR intensity in the D + D
case. With the increment of the strain strength, as shown
in Figure 4, the EDSR intensity decreases ﬁrstly. After the
0.9), it turns
strain strength exceeds certain value (γ1

In this section, we investigate the strain dependence of
the EDSR intensity for quantum wells with the intrinsic Rashba-type spin-orbit coupling, which is described by
R
the Hamiltonian Hin
. Since the strain can introduce the
Rashba-type and Dresselhaus-type spin-orbit couplings,
R
D
namely Hst
and Hst
, the total Hamiltonians corresponding to the R + R and R + D cases are, respectively,
R+R
Hso
= (α + γ)(σx ky − σy kx ),
R+D
Hso
= α(σx ky − σy kx ) + γ1 (σx kx − σy ky ). (15)

Here the deﬁnitions of parameters α, γ and γ1 are the same
as those forementioned, while their magnitudes depend
on concrete materials and the strain conﬁgurations. The
Hamiltonians in equations (15) describe the systems with
strain-induced Rashba-type and Dresselhaus-type spinorbit couplings, respectively. Their corresponding matrix
elements of the spin-ﬂip transition T R+R and T R+D are
respectively obtained,
(γ + α)
cos(ϕ − φ)
Q3

Ωωc cos2 θ + ωz (Ω + ωc2 sin2 θ)

T R+R = −

+i cos θ sin(ϕ − φ)(ωc + ωz )Ω ,

(16)
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Fig. 6. The EDSR intensities versus the direction of the
ac electric ﬁeld φ are plotted in the R + D case. Here ω0 =
2eB0 /(m c) and other parameters are taken as ωz /ωc = −0.32,


θ = 0, ϕ = 0, α = 1, zz − xx = γ1 × γ10
/D and γ10
= α.
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Fig. 5. The EDSR intensities versus the magnetic ﬁeld in the
R + D case are plotted for (a) φ = π/4 and (b) φ = 3π/4. Here
B0 = ω0 m c/2e and other parameters are taken as ωz /ωc =

−0.32, θ = 0, ϕ = 0, α = 1, zz − xx = γ1 × γ10
/D and

γ10
= α.

T R+D =

−γ1
cos(ϕ − φ)
Q3
× Ωωc cos θ(i cos 2ϕ − sin 2ϕ cos θ)

T R+D ∝

1
[−γ1 (i cos φ − sin φ)(ωc − ωz )
ωc2 − ωz2
−α(cos φ − i sin φ)(ωc + ωz )].

Consequently, the EDSR intensity behaves as


+ωz (Ω + ωc2 sin2 θ)(sin 2ϕ − i cos 2ϕ cos θ)
+i sin(ϕ − φ)Ω ωz (i cos 2ϕ − sin 2ϕ cos θ)

+ωc cos θ(sin 2ϕ − i cos 2ϕ cos θ)

I R+D (φ) ∝

1
[α2 (ωc + ωz )2 + γ12 (ωc − ωz )2
(ωc2 − ωz2 )2
−2αγ1 sin 2φ(ωc2 − ωz2 )].

(18)

Obviously the EDSR intensity approaches to zero when
γ1 = (ωc + ωz )α/(ωc − ωz )
0.5α for φ = π/4. The
dependence of the EDSR intensity on the direction of the
ac electric ﬁeld is plotted in Figure 6 in the R + D case.

α
cos(ϕ − φ) Ωωc cos2 θ
Q3

+ωz (Ω + ωc2 sin2 θ)

−

+i cos θ sin(ϕ − φ)(ωc + ωz )Ω .

the strain strength for φ = 3π/4. The strain dependence
of the EDSR intensity can also be analyzed qualitatively.
The matrix element of the spin-ﬂip transition in equation (17) dominates

(17)

For the R + R case, one can see from equation (16)
that both the EDSR intensities increase monotonously
as the strain strengths increase for the two directions
φ = π/4 and φ = 3π/4, because T R+R ∝ (γ + α)(i sin φ −
cos φ)/(ωc − ωz ). The EDSR intensity is I R+R (φ) ∝ (α +
γ)2 /(ωc − ωz )2 , which is also independent of the direction
of the ac electric ﬁeld.
For the R + D case, using T R+D in equation (17),
the magnetic ﬁeld dependence of the EDSR intensity is
represented in Figure 5. The parameters are chosen as
ωz /ωc = −0.32, B0 = ω0 m c/2e, θ = 0, ϕ = 0, α = 1,


/D and γ10
= α. Clearly, the maxizz − xx = γ1 × γ10
mum of the EDSR intensity ﬁrstly decreases from 55 units
in the strain-free case (i.e., γ1 = 0) to zero (γ1 0.4) for
φ = π/4 (see Fig. 5a). As shown in Figure 5b, the EDSR
intensity increases monotonously with the increment of

5 Conclusion and discussion
We have analyzed the strain-assisted manipulation of electron spins in quantum wells where an in-plane ac electric ﬁeld and a perpendicular magnetic ﬁeld are applied.
The strain eﬀects on the manipulation of electron spins
are diﬀerent for diﬀerent semiconductor quantum wells.
We exhibited that the eﬃciency of manipulating electron spins can be enhanced by tuning the strain strength
of samples. There are four combinations of the intrinsic
and strain-induced spin-orbit couplings, namely, D + R,
D + D, R + R and R + D. These four cases can provide
diﬀerent strain dependences of the EDSR intensities when
the direction of the ac electric ﬁeld is adjusted from
φ = π/4 to φ = 3π/4, and the strain strength is tuned
in the EDSR experiments. The four kinds of combined
eﬀects of spin-orbit couplings are helpful for the eﬃcient
manipulation of electron spins and for understanding the
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experimental phenomena brought in by the strain in some
semiconductor quantum wells. It is worthwhile to mention that the spin-orbit coupling strengths including the
Dresselhaus parameter β may depend on the magnetic
ﬁeld [32–35] under certain conditions. In order to present
clearly the strain eﬀects of the EDSR intensity, we have
neglected the magnetic ﬁeld dependence of the spin-orbit
coupling strengths in this paper. Actually, the magnetic
ﬁeld dependence of the Dresselhaus parameter β can be
neglected when the conﬁnement in the z direction is sufﬁciently strong, namely (ωc /ω0 )2
1. It is reasonable to
neglect the magnetic ﬁeld dependence of the Dresselhaus
parameter β due to the strong conﬁnement considered in
this paper.
The work was supported by NSFC grant No. 10674117 and by
PCSIRT of the Ministry of Education of China (IRT 0754).
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