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Charge-ordered resonating valence bond states in doped cuprates
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We study charge orderaiwave resonating valence bond sta@RVB) in the doped cuprates, and estimate
the energies of these states in a generalizéanodel by using a renormalized mean-field theory. The long-
range Coulomb potential tends to modulate the charge density in favor of the charge ordered RVB state. The
possible relevance to the recently observed44checkerboard patterns in tunneling conductance in Tigh-
cuprates is discussed.
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A numbe_r of recent scanning t_unneling r_nicro_scopy Hoy=—t D (CiTaCjU+ He)+3> S-S,
(STM) experiments have shown spatial modulations in tun- Qo i

neling conductance in high; cuprates: More recent low-
temperature STM experiments have reported bias- L
independent modulations of period approximately 4-a4&b .= iZ nin;
denotes lattice constarih the tunneling conductance over a ¢ 267 1
wide range of energy on underdoped Bi22Ef. 6 and
NaCCOC/ Several theories have been proposed to interpret h : ihilati f in el
the observed checkerboard charge ordefifgChenet all0 o cCio 1S an anni llation operator of a spin electron at
. ) site i. The sums inH,; run over all the nearest-neighbor
have proposed that the modulations are due to Cooper pajr_. _ Sy -
. 11 . L pairs,n,==n;,, andn;,,=c¢;_c,. The sum inH, runs over all
density waves. Fet al** have examined the possibility of a ! L . .
: . : . : the sites ofi andj. € is the dielectric constant ang is the
soliton crystal in a generalized Hubbard model including a

nearest-neighbor Coulomb repulsion and an antiferroma spatial distance between the two siteand j. A positive
. neig ' 'ep gcharge background to balance the charge neutrality is im-
netic spin exchange coupling. Ander$dihas proposed an

. : s '
explicit wave function describing a Wigner solid of holes plied. There is a local constraint on every SE&C;Cig=1.

embedded in a sea od-wave resonating valence bond In this Hamiltonian,H, favors a charge ordering, while the

(d-RVB) states, and pointed out that the long-range Coulomtl)qne“C energy prefers a gnlform charge d'Str'.bUt'on'
We consider a variational Gutzwiller projected ground

interaction furnishes the energy gain and the stiffness of thetate for Hamiltoniar(1)
hole wave function opposes the deformation. The detailed '
calculations, however, have not been carried out in Ref. 13.

In the present paper, we study the charge ordeiiRdB W) = Pg|Wo), 2
in the doped cuprates. We use a Gutzwiller projected wave
function with both BCS pairing and charge ordering to de-where Pg=I1;(1-n;;n;)) is the Gutzwiller projection opera-
scribe the charge ordered state in cuprates. Our approachtr, and|\lf0>:ng(u,g+v|gd%di@)|o> is a charge ordered BCS
similar to the idea outlined by Anderséhiwho formulated  state, with Oy ==, m Ciirm, g, +mog,.o- 1N the above expres-
the charge ordering in dRVB by a site-dependent fugacity, sjon, (g,,G,) are the two wave vectors for the charge order-
which was introduced by Laughlin in the context of ing (assumed to be commensujatend a;, , are the coef-
Gutzwiller projected state in the study of the Gossamet; iants satisfying =|a,, m ?=1 and thel éums over the
supercc_)nductivitﬁ.“f’ Here we shall use t[‘f renormalized integersm; andm, are ranéxtend the reduced Brillouin zone
mean-field theoryfRMFT) developed earh?” to formulate 10 the full original Brillouin zone.

charge ordering by site-dependent renormalization factors We use the RMET to estimate the expectation valusl of

and estimate the energies of these states it-theodel. We in the statdW). The RMFT was developed for theJ model

show that the Iong-ra_ngg Coulomb potential tends to mOduéo study a charge homogeneous RVB stét€ Here we shall
late the charge density in favor of the charge ordering an ; i
extend it to the charge inhomogeneous case. We use

that the favorable patterns depend on the doping Concentr?S'Utzwiller’s approximation to relate the expectation values

tion. Our calculations suggest that the observed checkerdf the kinetic or spin exchange energies in the projected state

board patterns may well be induced by the long-range Couy, . :
lomb repulsion, but require a rather small dielectric constant'.\[f> (denoted by)) to the corresponding expectation values

We consider a generalizeédJ model with an additional fn the unprojgctgd statel’o) (denoted by)o) by two differ-
long-range electron Coulomb potential, ent renormalization factorg; andgs,
H=H,,+H,, (1) (¢l = al(clcioon
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(S-S)=gl(S - So. ) ] //(&:“
The renormalization factors are determined by the ratio of0-3

the probabilities of the physical process in the projected and 1
in the unprojected staté&:'° Similar to the method usé®l 0.3 4
for the homogeneous case, we find ]

iy A= =n) 0.25—; &
‘ 2-m)2-n)’ 03]
U= : 4 015

T (2-m2-n)’

They depend on the electron densities at the $itesdj. In 0.1
the homogeneous casme,=n, g's are independent of the ———T T ————T——— ———
sites, we recover the results in Ref. Iﬁ):Zx/(1+x) and 0 0.05 0.1 0.15 0.2 025

0 . . . L.
g(s ):4/(.1 +X)?, with x=1-n the hole d.ensm./. The variational £ 1. The mean fielda and¢ vs the hole concentrationin
calculation of the projected staf@) in H is then mapped  the uniformdRVB state of thet-J model witht/J=3.
onto the unprojected stateV,) in a renormalized Hamil-
tonianHeg¢s, given by

variations of the local mean fields are expected to change the

Hefs=Hiy+ He, (5)  results quantitatively. Therefore, our results should be

viewed as correct qualitatively or semiquantitatively, but not

H/ = —t et +H.C)+J is.g quantitatively. As we will examme.l'ater, this approximation
) <%,, 9 (€iaCjo ) <,2]> 9sSi- Sy turns out to be quite good in a limiting case where the holes

. ) ) o are all localized. Within this approximation, the energy per
Note that the intersite Coulomb interaction is not renormalssjte of the charge orderetRVB state relative to the uniform

ized in the theory. dRVB state is
Similar to the procedure in Ref. 16, we introduce two
mean fields: a particle-hole amplitude fieggi:E(,(ci’ﬂrcj(I 0 AE = AE, + AE,+ AE,,
and a particle-particle pairing fieldlj; =(c;;cj, —¢; Cj;)o. The
renormalized Hamiltonian can then be solved by a self-
Y AE; = (@ - 9)(Ho/Ns,

consistent mean-field theory. The energyHy; in the un-

projected state, hence the energy of the generalizdd

model in the projected state, can be written in terms of the AE¢= (95— 9))(Hg)o/Ns,
self-consistent mean fields,

E=-3 | 2gley+ 2gl& +42) [+ X M (g AE.=/(2eN9) 2 (i = ). @)
) 8 7] 2€jj !

In the uniformly chargediRVB state,&;=¢ and A;=+A.  In the above equationgy s=2;,g/s/2Ns, (H g is the aver-
The energy per site is found to b£(°>=—4tgﬁo)§ age kinetic(spin exchangeenergy in the uniformdRVB
~(3314)9(£2+A?), where we have dropped the long-rangestate. In practice, we first solve the RMFT for the uniform
Coulomb energy of a uniform electron density because ifRVB state, from which we obtaig, A, and(H; go. In Fig.
cancels to the energy due to the oppositely charged back:, we plot the two mean fields as functions of hole doping
ground. for J/tz%. We then calculatey, s and AE, for various types

In the inhomogeneous case, the self-consistent equationsf charge ordering patterns to estimate the energy of the
or the Bogoliubov—de Gennes equations, are more complieharge ordered RVB state, and to determine the optimal
cated. In what follows, we shall make an approximation tocharge distribution. The calculation of the long-range Cou-
replace the mean field§; and A;; by their average mean lomb energy is similar to that of the Madelung constant,
values obtained in the uniforaiRVB state, and consider the which converges rapidly with the appropriate choice of the
effect of charge ordering on the kinetic and spin-exchangsummation method.
energies due to the renormalization factgtsandg!, and on Motivated by the approximate>4 charge ordered states
the Coulomb potential. This is a rather drastic approxima-observed in STM experiments, we consider four types of
tion, similar to what was proposed by Andergdrput it  parent patterns shown below with a periodicity @f dlong
should capture a substantial part of the effect of the chargboth directions in the square lattice. Each symbol represents
ordering. This approximation may be considered as a meara lattice site, and the sites marked with the same symbol
field theory with the relaxed self-consistency of the chargehave the same electron density. We restricted ourselves to the
inhomogeneous distribution by neglecting the effect of thepatterns with at most three different site densities. Patterns
charge distribution to the local mean fielgs and A;;. The Il and IV are of fourfold rotational symmetry with respect to

184514-2



CHARGE-ORDERED RESONATING VALENCE BOND. PHYSICAL REVIEW B 71, 184514(2005

a diamond site. Patterns | and Il are generated from the sim- .........
plest two-sublattice pattern by further breaking translational

symmetry by replacing some of the circle sites by diamond .........
sites. Patterns with hole-rich sites nearby are found to have

poor energy, which are not listed here. While more compli- .. ..- ..
cated patterns are possible, these patterns we consider here
include the checkerboard and stripe ones and they should be
illustrative for studying the charge ordered states.

O %X O X%k 0 % © * k ki 10 Kk x *x
* 0k Of ik O % * O X i0 Kk O %
© x 0 xi o % 0 * x ki 10 Kk *
* O x 0f x O % o0 o0 i 000
I I i v .........

We denoten, =n+§;, nop=n+4,, andn,=n+4d;. Since the
overall average electron density of the system,isnly two

out of the threed's are independent. By using E¢), we
nave Gio” 30"+ a0 iTalis t a0y G0t
+50isT s and Q=40+ 50t 50is tadis T aUis
Here the superscript ilg indicates the type of the parent
pattern, and the superscript gnrefers to the two sites with
the marked symbols. The Coulomb energy can be shown to

be quadratic inS's, and they are given by, in units ef/ ea,

Al

FIG. 2. Low-energy charge ordering pattekh of 4a X 4a sym-
metry at hole densitx aroundlie. Shown are X 9 patches. Each
square represents a lattice site and the lighatk square represents
low (high) electron density.

patternAl is stable only for smalleg, but is no longer stable

AEL = - 4.03952 - 4.03052 - 4.8475,6,, for €=1.5. Note that the patterdl atx=0.05 is an insulator
for there is no connected path for holes to move through the
| lattice.
AE; = - 1.497 - 7.959% — 3.4685,5,, At the hole density around, there are several charge
ordering patterns as shown in Fig. 3. Among them the favor-
AEM = - 0.5675 - 3.77255 - 2.5115,5,, able pattern iB1. PatternsB2 andB4 have three types of

distinct sites in terms of the electron density, widé and
B3 have two types of distinct sites. The energy gain and the
charge distribution are given in Table Il fmzé andx=0.1.

Using these expressions, we have optimized the energy jere we only list those patterns with rellatively Iow_er ener-
varying parameters, and &,, and obtained charge ordered /€S- As we can see from Table II, a5 the energies of
states with lower energies. These states are derivatives of tR@tternsBl andB2 are slightly lower than that of the homo-
parent patterns under consideration, but may have a high@eneous case at=2. At x=0.1, the energy gain due to the
symmetry than the parent state because those sites marke§2rge ordering a¢=2 is already very tiny. _
with different symbols may have the same electron density. 'l IS interesting to note that around the low hole density
Below we shall discuss our results in three different region&=3 both the checkerboard pattef2 and the stripe
of the hole concentration. In all of our calculations, we usePatteri’ B3 are superconducting states because holes in
J/t=1/3,t=0.3 eV, anda=3.8 A. these patterns can move through the lattice.

At the hole density arounq%, the lower-energy charge At high hole concentratipns, several new charge orderin_g
ordering pattern ié\1 as shown in Fig. 2. There are only two Patterns with lower energies appear, which are shown in
types of the distinct sites in terms of the electron density in

this pattern. The numerical values of the energy gain and the ) , .y
TABLE |. Approximately estimated energy and charge distribu-

charge distributions are given in Table | far 16 and x tion at hole densitw=0.0625 andx=0.05. The values of an ideal

:0'05'. All other patterns at these dopings have energ?es Shole crystal state withng=1 at x=0.0625 are also listed for
ther higher than or too close to the energy of the uniform

: comparison.
dRVB state(AE>-0.01 eV}, and are not listed here. At paris
:'1—16 ande=1, the lowest-energy state has a charge distribu- X 0.0625 0.05
tion slightly deviated from a commensurate state with the

AEY =-1.248% - 4.1385 - 1.4285,5,. (8)

light site completely emptyn=0) and the dark site fully ! 1o !
occupied(n=1). As € increases, the energy gain decreases AE (eV) -0.038 -0.037 -0.010 -0.016
rapidly. There is no stable charge ordering pattera @uch n (gray boy 0.005 0.000 0.017 0.200
larger than 1.5x=1—16 is an ideal hole density for the pattern Nm 0.999 1.000 0.999 1.000
A1, which was also discussed in Ref. 11 and suggested inthe pgttern Al Al Al Al

magnetic and optical measuremettd! At x=0.05, the
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B3 B4

FIG. 3. Lower-energy charge ordering patterns for hole density amuéd B1 is of a symmetry of{8ax \8a, andB3 is a stripe.

Fig. 4. In Table Ill, we list the energies and charge densitiesve have focused on the effect of the charge-density-
of the lower-energy patterns at=0.15. Fore=1, the five  dependent renormalization factors, but neglected the site de-
patterns pendence of the mean fieldsand A. This rather crude ap-
(B1, C1, C2, C3, andC4) have very close energies. In the proximation turns out to be quite good in a limiting case
pattern C's, the electron densities at the dark and gray siteghere all the holes are completely localized at a single site,
are guite close. The empty sites in patteBisand C’s form  which we analyze below. Consider pattekt atle—l6 and
a\8ax \/QWigner hole crystal. We do not find any lower- patternB1 atx:% with the electron density either zero or
energy charge ordering patterneat 2.5. Atx=0.2, the most 1. In this limit, the kinetic energy vanishes. The spin ex-
favorable patterns ar€l, C4, and the stripe patterd3. change energy of the state can be estimated by a direct
In the energy estimation for the charge ordered RVB stategounting of the missing bonds due to the vacancies in an

TABLE Il. Approximately estimated energy and charge distribution of lower-energy charge ordering patterns at holexd@ns$g and
x=0.1. Energies of some patterns with charge distributionggf 1 are also listed for comparison.

X 0.125 0.1
€ 1 15 2 1 15
AE (eV) -0.116-0.113-0.056 -0.041 -0.013 —0.048 —0.043 -0.025 -0.015 -0.010 —0.059 -0.056 -0.051 -0.039 —0.021 -0.021 -0.017

N 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000

n (gray bo¥ 0.006 0.000 0.875 0.857 0.542 0.018 0.000 0.898 0.042 0.909 0.208 0.200 0.933 0.914 0.925 0.943 0.230
Ng 0.999 1.000 0.984 1.000 0.986 0.999 1.000 0.964 0.994 0.954 0.999 1.000 0.984 1.000 1.000 0.975 0.996
pattern Bl B1 B2 B2 B3 B1 Bl B2 Bl B2 B1 Bl B2 B2 B4 B2 Bl
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... ... FIG. 4. Several lower-energy
.-. ... charge ordering patterns ak
=0.15, not included in Fig. 3. Pat-
terns C1 and C2 are related by the

H N l H B B EH B E  coreoheanmn
sites; likewise for patterns C3 and
O ] H B EBEBE -

Cc3 C4

otherwise half-filled background, which is given Wy,  density in favor of charge ordered RVB states. Since both the
=2(1-2x)« per site, witha=-0.344) the spin exchange en- Coulomb potential and the leading order in kinetic energy
ergy per bond at the half-filling. Far=0.1 eV, we haveeg  are quadratic in the density variation, we expect and indeed
=-0.060 eV atx:l—l6 and E;=-0.052 eV atxzé, which are  have found that the charge-density variation from the uni-
very close to the results obtained in the present MEJ: form state is always large in the charge ordered state. The
=-0.063 eV ab(:l—l6 and Es=-0.054 eV atxzé. Since the stability of the charge ordered RVB state strongly depends on
holes in the charge ordered states listed in Tables |-l are athe dielectric constard. We do not have reliable data for the
localized or almost localized, our results based on a rathetlielectric constants in Bi2212 and NaCCOC yet. Based on
drastic approximation may not be unreasonable. the optical spectra, Uchidet al?® have extracted~2.5-5

In summary, we have studied the charge ordered RVBor La,_Sr,CuQ,, with e=5 at the very light doping limit
states in the doped cuprates within a generalizddmodel x=0.02. Our calculation suggests that the observed charge
by using a renormalized mean-field theory. While the kineticordered state in STM experiments in cuprates may be related
energy favors a uniform charge distribution, the long-rangdo the long-range Coulomb interaction. However, the dielec-
Coulomb repulsion tends to spatially modulate the chargdric constant in cuprates might not be small enough for the

TABLE Ill. Approximately estimated energies and charge distributions of lower-energy charge ordering patter0slat

€ 1 15 2 2.5
AE (eV) -0.129-0.113-0.113-0.110-0.093 -0.062 —0.044 -0.035 -0.063 —0.048 —0.046 -0.044 -0.029 -0.148 —0.011 -0.010 -0.010

N 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
n (gray bo¥ 0.000 0.933 0.950 0.950 0.933 0.828 0.800 0.428 0.000 0.950 0.933 0.950 0.000 0.950 0.933 0.950 0.000
Ng 0.972 1.000 1.000 1.000 1.000 0.975 1.000 0.991 0.973 1.000 1.000 1.000 0.973 1.000 1.000 1.000 0.973
Pattern Bl C1 C3 Cc2 C4 B2 B2 B3 B1 C3 C1 Cc2 B1 C3 C1 Cc2 Bl
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Coulomb interaction alone to induce the charge ordering. One of us(F.C.Z) thanks P. W. Anderson for providing

Among the favorable charge ordered superconducting stateRef. 13 prior to the publication. We thank T. M. Rice, S.
patternB1 has a symmetry of8x V8, patternsB2 andC1  Uchida, and K. Yang for useful discussions. The work is
both have checkerboard structure, and pat&3ns a stripe.  partially supported by NSF in China No. 10225419 and No.
We do not find the bound hole pairs in the charged ordere®0103022, and by RGC in Hong Kong, and by the US NSF

states due to the Coulomb interaction. ITR Grant No. 0113574.
1J. E. Hoffmanet al., Science295, 466 (2002. 14R. Laughlin, cond-mat/020926@npublishedl
2C. Howald, H. Eisaki, N. Kaneko, H. Greven, and A. Kapitulnik, '5F. C. Zhang, Phys. Rev. Let@0, 207002(2003.
Phys. Rev. B67, 014533(2003. 16F C. Zhang, C. Gros, T. M. Rice, and H. Shiba, Supercond. Sci.
3J. E. Hoffmanet al., Science297, 1148(2002. Technol. 1, 36 (1988.
4K. McElroy et al, Nature(London 422, 520(2003. 17p. W. Anderson, P. A. Lee, M. Randerai, N. Trievedi, and F. C.
5M. Vershininet al,, Science303 1995(2004. Zhang, J. Phys.: Condens. Matt24, R755(2004).
6K. McElroy et al. (unpublished 18M. C. Gutzwiller, Phys. Rev137, A1726(1965.
"T. Hanaguriet al, Nature(London 430, 1001(2004. 19D, Vollhardt, Rev. Mod. Phys56, 99 (1984).
8M. Franz, D. E. Sheehy, and Z. Tesanovic, Phys. Rev. 188f.  2°Y. H. Kim and P. H. Hor, Mod. Phys. Lett. A5, 497 (2001); P.
257005(2002. H. Hor and Y. H. Kim, J. Phys.: Condens. Mattéd, 10377
9Q. H. Wang and D. H. Lee, Phys. Rev. &, 020511R) (2003. (2002.
10H. D. Chen, O. Vafek, A. Yazdani, and S. C. Zhang, Phys. Rev?'F. Zhouet al, Supercond. Sci. Technol.6, L7 (2003.
Lett. 93, 187002(2004). 223, M. Tranquadeet al, Nature (London 375 561 (1995; J.
1H. C. Fu, J. C. Davis, and D.-H. Lee, cond-mat/04030@ipub- Zaanen and O. Gunnarsson, Phys. Revi®B R7391(1989; V.
lished. J. Emery and S. A. Kivelson, Physica 209 597 (1993.
127 Tesanovic, Phys. Rev. Let@3 217004(2004. 233, Uchida T. Ido, H. Takagi, T. Arima, Y. Tokura, and S. Tajima,
13p, W. Anderson, cond-mat/040608@npublishedl Phys. Rev. B43, 7942(1991).

184514-6



