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Abstract
Payoffs which depend on the scores of the strategies are introduced into the standard Minority Game (MG). The
double-periodicity behavior of the standard model is consequently removed, and stylized facts arise, such as long-range
volatility correlations and ‘‘fat-tails’’ of the probability distribution of the returns. Furthermore, the score-dependent
payoffs could coexist with the inactive strategy in the grand canonical MG, and play an important role in the thermal MG.
r 2006 Published by Elsevier B.V.
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1. Introduction
Modeling the ﬁnancial markets has attracted much attention of scientists in order to obtain qualitative and
quantitative understanding of the trading mechanism. In the past years, different types of models have been
proposed [1–11]. Among them, the Minority Game (MG) is one of the important examples, especially because
of its simplicity and suitability to an analytic approach. The standard MG [4,12] was initially designed as a
simpliﬁcation of Arthur’s famous El Farol’s Bar problem [13]. It describes a system in which many
heterogeneous agents adaptively compete for a scarce resource, and it captures some key features of a generic
market mechanism and the basic interaction between agents and the public information. However, it is a
highly simpliﬁed model. To make the model more realistic in comparison with the real markets, the microeconomic behavior of the agents should be taken into account.
Consequently, a variety of extensions [8,14–19] of the standard MG have been proposed. For example, an
inactive strategy is introduced, which grants the agents with a certain probability of not trading in the market,
to capture the characteristics of the real markets. In this case, the number of agents actively trading at each
time step varies throughout the game. This type of extension is called the grand canonical MG. Another
interesting example is the thermal MG [20] which allows a certain degree of randomness in using the strategies.
However, in the standard MG and many its extensions, the statistical double-periodicity is quite robust and
hence is a disadvantage in mimicking real systems. Even for the grand canonical MG, in which the inactive
strategy has eliminated the periodicity from some observable, the system still suffers from an intrinsic
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annoyance like other deterministic dynamic systems [11,21]. In this paper, we propose an extension of the MG
incorporating score-dependent payoffs. Interestingly, such a dynamic mechanism essentially removes the
double-periodicity. Furthermore, stylized facts, such as the long-range volatility correlations and ‘‘fat-tails’’ of
the probability distribution of the returns can be also reproduced. The score-dependent payoffs could also
coexist with the inactive strategy in the grand canonical MG, and leads to the long-range volatility
correlations for the thermal MG.
In most MGs, the payoffs are generally referred to as the rewards to the agents, and it has a simple form. In
this paper, payoffs are generalized to be the rewards to the strategies. To look for more reasonable payoffs
which could mimic the ﬁnancial markets is also of great interest for the real social system. There may be
thousands of forms for the payoffs of the strategies. However, we may assume that the payoff of each strategy
is mainly determined by two factors: the global information of the outcome after all the agents make their own
decisions, i.e., the number of the agents in the minority group; and the cumulative performance of the
individual strategy, i.e., the score of the strategy itself. Since the resource in the market is limited, it is easy to
understand that the payoff increases with decreasing size of the minority group [22]. On the other hand, those
strategies with higher scores should be rewarded (punished) more than those with lower scores. This is
reasonable, since people are usually more attentive to those outstanding strategies. Therefore, we introduce
the so-called score-dependent payoffs in this paper.
In Section 2, the MG with score-dependent payoffs is introduced and the auto-correlation function and
return probability distribution are studied. In Section 3, the score-dependent payoffs are introduced to the
grand canonical MG and the thermal MG. Section 4 contains the conclusion.

2. Standard MG with score-dependent payoffs
2.1. The model
The MG takes the form of a repeated game with an odd number of agents N who must choose an action
independently whether to buy or sell, labeled ai ðtÞ ¼ þ1 or 1. Those agents who are in the minority group are
winners. Each agent chooses his/her decision at a given time step based on the prediction of a strategy
according to the history, namely the m most recent outcomes of the winner side. Since there are a total of 2m
possible history bit-strings of them winner side and there are two possible options (buy or sell) for each history
bit-string, there are a total of 22 strategies.
At the beginning of the game, the agents randomly pick S strategies from the full strategy space with
repetitions allowed. Each agent i keeps track of the cumulative performance of his/her trading strategy
s; s ¼ 1; :::; S by assigning a score U i;s to it. The initial scores for the strategies are set to be zero. At each time
step, each agent i adopts the strategy with the highest score si ðtÞ, and the action will then be ai ðtÞ ¼ smðtÞ
i;si ðtÞ ,
according to the history mðtÞ which is the common information shared by all the agents. smðtÞ
i;si ðtÞ ¼ þ1; 1
denotes buying and selling. When a tie results from the highest score strategies, one of them is picked
P
randomly. The excess demand is then deﬁned as AðtÞ ¼ N
i¼1 ai ðtÞ. The scores of the strategies are updated as
U i;s ðt þ 1Þ ¼ U i;s ðtÞ þ gi;s ðtÞ,

(1)

expðaU i;s Þ
.
gi;s ðtÞ ¼ smðtÞ
i;s AðtÞb PS
s¼1 expðaU i;s Þ

(2)

a and b are real parameters, taken to be positive. For the parameter a ¼ 0, the standard MG is recovered. In
most MGs, the payoff of a strategy s for an agent i at a given time t is generally deﬁned as gi;s ðtÞ ¼ smðtÞ
i;s AðtÞ.
Those strategies giving the prediction consequently proved to be in the minority are rewarded, and the rewards
increase with decreasing size of the minority group. Furthermore, as it is ubiquitous in the markets that
different people trade with different weights, we assume the payoffs for different strategies should be different
according to the cumulative performance of themselves.
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The payoffs in our model are deﬁned as Eq. (2). Those strategies with higher scores are rewarded (punished)
more than those with lower scores. This is reasonable, since people are usually more attentive to those
outstanding strategies. Once a high-score strategy gives a prediction which is subsequently proved to be in the
majority, it will be restrained from the market for a long time. While it gives a prediction, which is
subsequently proved to be in the minority, it will be likely adopted at the next turn for making more proﬁts.
For a low-score strategy, it is not so much affected by P
the outcome of the game. In addition, the payoffs in
Eq. (2) are also agent-dependent, for the denominator Ss¼1 expðaU i;s Þ is agent-dependent. More and deeper
understanding of this kind will be reported elsewhere [30].
Following Refs. [8,15,23–25], a simple price dynamics of the return rðtÞ in terms of the excess demand AðtÞ is
deﬁned as
rðtÞ ¼ AðtÞ.

(3)

2.2. Auto-correlation function and cumulative distribution function
In the real stock markets, there are a huge number of investors making their decisions simultaneously, and
the memory size m for normal people are short. So, may be the paradigm of the real markets is similar to that
of the MG with small S and m. For the application of the model to the real markets, we mainly report the
results of the model for S ¼ 2 and m ¼ 2. However, for the standard MG with small S and m, a crowd of
agents choose a particular strategy and thus produce large ﬂuctuations of the returns [26]. The autocorrelation function of the magnitude of the returns exhibits a double-periodicity behavior with a period
2  2m (here m ¼ 2) [27]. After we introduce the score-dependent payoffs, the dynamic evolution of the model
is then modiﬁed due to the change of the ranking of the strategies. One expects the agents will cite those
strategies which would have had lower scores in the standard MG, thus the crowd effect will be removed and
then the double-periodicity will disappear.
The long-range temporal correlations of the volatility is a well-known stylized fact. The auto-correlation
function of the volatility decays by a power law, typically as
cðtÞ  tl

(4)

and the exponent l is estimated to be 0:3 in real ﬁnancial markets [28,29]. In this paper, We simply deﬁne the
volatility as jAj in our model, and then the auto-correlation function is written as
CðtÞ 

hjAðtÞjjAðt þ tÞji  ðhjAðtÞjiÞ2
,
hjAðtÞj2 i  ðhjAðtÞjiÞ2

(5)

where h  i represents the average over the time t. We have performed extensive numerical simulations of our
model. To avoid the limit size effect, we use a big N. For N ¼ 5001; S ¼ 2; m ¼ 2, the results mainly depend on
the parameters b and a.
In Fig. 1, the auto-correlation function for different values of the parameter a are displayed for b ¼ 10:0. For
each value of a, the result averages over 100 runs with 105 iterations per run. Before collecting the data, 5000
iterations have been performed for equilibration. The ﬁgure shows that as a changes from 0:0 to 1:0, a crossover
behavior occurs. According to Eq. (2), the payoff for a ¼ 0:0 and b ¼ 10:0 equals to 5smðtÞ
i;s AðtÞ (here S ¼ 2), the
half of that of the standard MG. As it is shown in Fig. 1(a) the curve for a ¼ 0:0 displays a strong periodic
behavior with a period 2  22 , with a shape not exactly the same as but very similar to that of the standard MG. In
Fig. 1(b), the auto-correlation functions for aa0:0 are plotted on a log–log scale. The curve for a ¼ 1:0 is shifted
slightly upward for clarity. We observe that as a increases, the auto-correlation function tends to show a power-law
behavior, though for a relatively small ao0:001 the periodic behavior still remains. The exponent l changes from
0:66 to 0:25 for a 2 ½0:001; 0:1 and approaches a constant for a40:1. Since the payoffs are the exponential
functions of the strategies’ scores which are of the order of magnitude of 103 , a should not be too large.
We also calculate the auto-correlation function for a relatively small b. The results indicate that as a varies
from 0:0 to 1:0, the crossover behavior from periodically ﬂuctuated to long-range correlated still remains.
However, the critical value of the parameter a, above which the auto-correlation function shows a power-law
behavior, decreases as the parameter b increases.
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Fig. 1. Auto-correlation function of the magnitude of the returns for different values of the parameter a: (a) a ¼ 0:0, (b) a ¼ 0:001; 0:1; 1:0,
for the standard MG with score-dependent payoffs at b ¼ 10:0; N ¼ 5001; S ¼ 2; m ¼ 2. The dashed line is with a slope of 0:25.

Brieﬂy speaking, for a larger value of the parameter a, the double-periodicity behavior of the autocorrelation function disappears, and the power-law behavior emerges. It conﬁrms our conjecture that the
score-dependent payoffs could remove the crowd effect and thus improve the market efﬁciency. To show this
more explicitly, one can compute the standard deviation s of the price ﬂuctuations, which is a convenient
reciprocal measure of how effective the system is at distributing resources. Indeed, we observe that the scoredependent payoffs reduce the standard deviation s. To further understand the power-law behavior of the
auto-correlation function, we also investigate the average frequency of the strategies cited continuously in a
time t for each agent. We ﬁnd that the average frequency obeys a power-law behavior with respect to the time
t. This indicates that the strategies still have a non-negligible probability of being cited continuously in a long
period of time. It seems that the agents are more cautious of their choices of the strategies after the scoredependent payoffs are introduced. This leads to the long-range volatility correlations [30].
In real markets, the cumulative probability distribution function (CDF) of the returns is known to have fat
tails like
PðjAjÞ  jAjm

(6)

with an exponent m  3:0 on average [29]. In this paper, the CDF of our model is also carefully investigated.
Since the CDF for positive and negative returns are symmetric, we investigate the CDF of the magnitude of
the returns.
The CDF also shows a crossover behavior similar to that of the auto-correlation function. To compare with
the results of the auto-correlation function, the CDF for different values of the parameter a at a ﬁxed b ¼ 10:0
are plotted on a log–log scale in Fig. 2. For a ¼ 0:0, the CDF decays rapidly to zero displaying a Gaussian-like
shape. As the parameter a increases, a crossover behavior occurs. For a big value of a, a power-law tail of the
CDF is observed. The exponent m equals 4:0 for a ¼ 0:1 and remains almost the same for a40:1.
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Fig. 2. CDF of the magnitude of the returns for different values of the parameter a: (a) a ¼ 0:0, (b) a ¼ 0:001; 0:1; 1:0, for the standard
MG with score-dependent payoffs at b ¼ 10:0; N ¼ 5001; S ¼ 2; m ¼ 2. The dashed line is with a slope of 4:0.

In general, the main features of our model are dominated by the parameter a, which is a measure
of the intensity of the rewards and punishment. The larger a is, the more the high-score strategies are
rewarded (punished). The parameter b is a linear coefﬁcient, and it does not affect the qualitative results.
For a ¼ 0:0, the strategies which give the same prediction but with different scores are ended up with the
same payoffs and the model behaves essentially the same as the standard MG. As a increase from 0:0 to a
big value, the crossover behavior is observed for both auto-correlation function and CDF. The critical
value of the parameter a, above which the dynamic system shows power-law behaviors, decreases with the
increase of the parameter b. Finally, we ﬁnd that for b ¼ 10:0 and a ¼ 0:1, our model reproduces the main
stylized facts of the real markets. As it is shown in Figs. 1 and 2, the auto-correlation function and CDF show
a power-law behavior, and the exponents are estimated to be l ¼ 0:25 and m ¼ 4:0, close to those of the real
markets.
3. Grand canonical and thermal MGs
3.1. Grand canonical MG with score-dependent payoffs
The grand canonical MG, in which an inactive strategy is included, has been proposed to mimic the real
markets. In fact, the grand canonical MG reproduces most stylized facts [8,14–19], except for certain dynamic
properties, e.g., the time correlation non-local in time, etc. [30]. In the preceding section, we assume that the
score-dependent payoff is an essential ingredient of the MGs, which also leads to the long-range temporal
correlations. One expects that the score-dependent payoffs could coexist with the inactive strategy in the MGs
and the main results would remain. Therefore, we introduce the score-dependent payoffs to the grand
canonical MG [8].
The model consists of two types of agents: speculators and producers. Speculators are assigned a number
S þ 1 of strategies, among which S are active strategies the same as those of the standard MG and the other is
an inactive strategy with smðtÞ
i;0 ¼ 0. Each speculator keeps track of the cumulative performance of his/her
strategies, and adopts the strategy with the highest score. The score of the active strategies takes the same
updated form as Eqs. (1) and (2). In the grand canonical MG, the score of the inactive strategy is usually set to
be zero, since it does not predict any action. Such a scheme is too simple, especially after the score-dependent
payoffs are introduced. We need to rewards or punish every strategy reasonably.
Therefore, we assume that the score of the inactive strategy could be evaluated according to the
performance of the highest score active strategy. Suppose a speculator’s highest score strategy is the
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Fig. 3. Auto-correlation function of the magnitude of the returns for the grand canonical MG with score-dependent payoffs for N s ¼ 500
and N p ¼ 1001. Solid lines are for the models with the inactive strategy evaluated by the active strategy with the highest score: the upper
solid line is for b ¼ 0:01; a ¼ 0:01; S ¼ 2; m ¼ 2, and the lower solid line is for b ¼ 0:01; a ¼ 0:01; S ¼ 3; m ¼ 6. The dashed line is with a
slope of 0:2. The dotted line is for the model with the inactive strategy which has a score close to 0 at b ¼ 10:0; a ¼ 0:1; S ¼ 4; m ¼ 7.

inactive strategy. If the second-highest score strategy, namely the highest score active strategy, makes a
prediction which is consequently proved to be in the minority group, the score of the inactive strategy should
be deducted as
expðaU i;0 Þ
gi;0 ðtÞ ¼ jAðtÞjb PSþ1
,
s¼1 expðaU i;s Þ

(7)

because it would be proﬁtable if he/she would have adopted this active strategy. If the highest score active
strategy makes a prediction which is consequently proved to be in the majority group, the score of the inactive
strategy should be increased as
expðaU i;0 Þ
gi;0 ðtÞ ¼ þjAðtÞjb PSþ1
,
s¼1 expðaU i;s Þ

(8)

because it avoids the loss if the active strategy would have been adopted. In the case that the highest score
strategy is not the inactive strategy, the situation is similar. The new scoring mechanism for the inactive
strategy looks quite reasonable and does not lead to any oddity.
The other type of agents are producers. They only have one active strategy randomly picked at the
beginning of the game. Let N s and N p be the number of speculators and producers,
PN s þN p both of them contribute to
the outcome of the game, thus the excess demand is then deﬁned as AðtÞ ¼ i¼1
ai ðtÞ. The history is drawn
randomly and independently from the possible 2m states following Ref. [8], and the price dynamic of the return
is deﬁned the same as Eq. (3).
Similar to the case in the preceding section, we report the results of the grand canonical MG with scoredependent payoffs for relative small m; S and relative big N s and N p . In most cases the payoffs of the active
strategies are negative, so a and b should be small in case the inactive strategy dominates the speculators’
behavior. Fig. 3 shows that the long-range temporal correlations of the magnitude of the returns also occur in
the present model, and the exponent l depends quantitatively on the values of the parameters. For b ¼ 0:01,
a ¼ 0:01, N s ¼ 500, N p ¼ 1001, S ¼ 3 and m ¼ 6, the slope of the curve in a time interval ½100; 2000 is
measured to be 0:2, close to that of the real markets. The slope of the curve for S ¼ 2 and m ¼ 2 is bigger
than that of the standard MG with score-dependent payoffs for the same values of the parameters. The
increase of the exponent l may be due to the double effects from both the inactive strategy and the scoredependent payoffs.
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Similar as the S active strategies for each speculator, the scores of the inactive strategy also vary for different
speculators. This sounds also reasonable, since some people are more conservative, and others are less.
However, one may ask whether the long-range temporal correlations remain if the scoring of the inactive
strategy is kept the same for various speculators. For example, we make the simplest possible assumption that
the score of the inactive strategy is set to be close to 0, updated according to U i;0 ðt þ 1Þ ¼ U i;0 ðtÞ þ , with 
being a random variable corresponding to the random noise of the social background. This implies that a
speculator is willing to use an active strategy only if it is able to give a positive gain after taking into account
the random noise. The auto-correlation function in this case is plotted by the dotted line in Fig. 3, and the
curve obeys a power-law behavior with an exponent very close to that of the preceding model presented in this
subsection.
3.2. Thermal MG with score-dependent payoffs
To further study the robust feature of the score-dependent payoffs, we introduce it to another extension of
the MG, the thermal MG [20]. The model is deﬁned in the following way. Instead of adopting the strategy with
the highest score, each agent is allowed a certain degree of stochasticity in the choice
of the strategy at any time
m
step. For each agent i the probability of employing his/her strategy s ¼ 1; . . . ; 22 is given by,
m

PSi

expðU i;s ðtÞ=TÞ
ðtÞ 
;
Zi

Zi 

22
X

expðU i;s ðtÞ=TÞ,

(9)

s¼1

where U i;s ðtÞ evolves with Eqs. (1) and (2), and the parameters are ﬁxed to be b ¼ 10:0 and a ¼ 0:1. 1=T is a
measure of the power of resolution of the agents [20]: when T ¼ 0 they are perfectly able to distinguish
which is the best strategy, while for increasing T they are more and more confused, when T ! 1 they
choose their strategy completely at random. Here, we use the real history and deﬁne the price dynamic
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Fig. 4. Auto-correlation function of the magnitude of the returns for the thermal model at T ¼ 110; N ¼ 501; m ¼ 2, (a) with original
payoffs and (b) with score-dependent payoffs. The solid-dash line is with a slop of 0:34.
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the same as in Eq. (3). The present model differs from the original thermal MG just by scoring the strategies.
Compared with the standard MG with score-dependent payoffs, each agent takes the strategy from the full
strategy space.
We ﬁx the parameters N ¼ 501 and m ¼ 2, and consider the consequence of having introduced the
temperature for the auto-correlation function. For T ¼ 0 we do observe that the model behaves very similarly
to that of the standard MG, while for T ! 1 we observe a random case in which the agents choose their
strategy completely at random. For a intermediate value of T an interesting phenomenon occurs: in Fig. 4(b)
we observe that the auto-correlation function obeys a power law, though the curve still has a weak periodic
behavior at the early stage of the time and it may be due to the use of the full-strategy space for each agent.
The slope of the curve in a time interval ½70; 2000 is estimated to be 0:34, very close to that of the real
markets.
We assume that the long-range temporal correlations of the present model arise from the score-dependent
payoffs. In order to testify it, we revert the payoffs of the present model to the original form
gi;s ðtÞ ¼ smðtÞ
i;s AðtÞ. As it is shown in Fig. 4(a), the auto-correlation function of the model with the original
payoffs is periodically ﬂuctuated. In general, the score-dependent payoffs can be introduced to different
extensions of the MG, and result in the long-range temporal correlations for all the cases. This is a robust
feature of the score-dependent payoffs.
4. Conclusions
In summary, we introduce the score-dependent payoffs to the standard MG and various its extensions. For
the standard MG with score-dependent payoffs, we testify that the score-dependent payoffs could be an
alternative way of reproducing the stylized facts of the real markets, for example, the long-range volatility
correlations and ‘‘fat-tails’’ of the probability distribution of the returns, etc. It is also shown that the scoredependent payoffs could coexist with the inactive strategy in the grand canonical MG. Finally, the scoredependent payoffs are introduced to the thermal MG, and the model consequently tends to be long-range
correlated. The results are rather robust, and it indicates that the score-dependent payoffs bring a non-trivial
dynamic mechanism to the MGs.
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D. Challet, Y.C. Zhang, Physica A 246 (1997) 407.
D. Stauffer, P.M.C. de Oliveria, A.T. Bernardes, Int. J. Theor. Appl. Finance 2 (1999) 83.
D. Stauffer, N. Jan, Physica A 277 (2000) 215.
J.F. Muzy, J. Delour, E. Bacry, Eur. Phys. J. B 17 (2000) 537.
D. Challet, M. Marsili, Y.C. Zhang, Physica A 294 (2001) 514.
A. Krawiecki, J.A. Holyst, D. Helbing, Phys. Rev. Lett. 89 (2002) 158701.
B. Zheng, F. Ren, S. Trimper, D.F. Zheng, Physica A 343 (2004) 653.
B. Zheng, T. Qiu, F. Ren, Phys. Rev. E 69 (2004) 046115.
Y.C. Zhang, Europhys. News 29 (1998) 51.
W.B. Arthur, Am. Ec. R. 84 (1994) 406.
See the Minority Game’s web page on hhttp://www.unifr.ch/econophysicsi.
N.F. Johnson, M. Hart, P.M. Hui, D.F. Zheng, work presented at the EPS Dublin Finance Conference, July 1999, hhttp://
xxx.lanl.gov/cond-mat/9910072i.
[16] P. Jefferies, M.L. Hart, P.M. Hui, N.F. Johnson, Eur. Phys. J. B 20 (2001) 493.
[17] D. Challet, M. Marsili, Y.C. Zhang, Physica A 299 (2001) 228.

ARTICLE IN PRESS
F. Ren et al. / Physica A 371 (2006) 649–657
[18]
[19]
[20]
[21]
[22]
[23]
[24]
[25]
[26]
[27]
[28]
[29]
[30]

I. Giardina, J.P. Bouchaud, Eur. Phys. J. B 31 (2003) 421.
D. Challet, M. Marsili, A.D. Martino, Physica A 338 (2004) 143.
A. Cavagna, J.P. Garrahan, I. Giardina, D. Sherrington, Phys. Rev. Lett. 83 (1999) 4429.
F. Ren, B. Zheng, H. Lin, L.Y. Wen, S. Trimper, Physica A 350 (2005) 439.
Y. Li, A. VanDeeme, R. Savit, Physica A 284 (2000) 461.
G. Caldarelli, M. Marsili, Y.C. Zhang, Europhys. Lett. 405 (1997) 479.
J.D. Farmer, Comp. Fin., Nov.–Dec. (1999) 26.
J.P. Bouchaud, R. Cont, Eur. Phys. J. B 6 (1998) 543.
R. Savit, R. Manuca, R. Riolo, Phys. Rev. Lett. 82 (1999) 2203.
D.F. Zheng, B.H. Wang, Physica A 301 (2001) 560.
Y. Liu, P. Gopikrishnan, P. Cizeau, M. Meyer, C.K. Peng, H.E. Stanley, Phys. Rev. E 60 (1999) 1390.
P. Gopikrishnan, V. Plerou, X. Gabaix, H.E. Stanley, Phys. Rev. E 62 (2000) 3023.
F. Ren, B. Zheng, T. Qiu, S. Trimper, preprint, 2006.

657

