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Abstract
After ﬁltering out the a and b peaks in the power spectrum of the human brain electroencephalogram signals Y ðt0 Þ, the
probability distribution of the variation DY ðt0 Þ  Y ðt0 þ DtÞ  Y ðt0 Þ exhibits a dynamic scaling behavior. The autocorrelation functions, persistence probabilities and detrended ﬂuctuation functions of the time series jDY ðt0 Þj all show a
nontrivial power-law behavior. These results indicate that the dynamics of the human brain electroencephalogram is longrange correlated in time.
r 2005 Published by Elsevier B.V.
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1. Introduction
In recent years, it was suggested that the universal scaling behavior exists in a variety of many-body systems
in nature, which may not necessarily exhibit explicit phase transitions [1,2]. Along this understanding, many
activities in the past years have been devoted to the application of physical concepts and methods to complex
biological, meteorological and economic systems [3–12]. Due to interactions among elements in the complex
systems, long-range spatial and/or temporal correlations are often generated. These systems are then referred
to be scale-free. A characteristic of the scale-free systems is the scaling behavior.
An example of complex biological systems is the heartbeat. With the detrended ﬂuctuation analysis (DFA),
the time series of the heartbeat has been analyzed [4,13]. By decomposing the time series dY ðt0 Þ into two series’
jdY ðt0 Þj and sgnðdY ðt0 ÞÞ, one ﬁnds that jdY ðt0 Þj is long-range correlated in time, while dY ðt0 Þ and sgnðdY ðt0 ÞÞ
are temporally anti-correlated. The analysis offers some insight into the heartbeat, and reveals a different
scaling behavior for heart failure patients. Therefore, the scaling behavior is interesting not only in physical
sense. It provides an intrinsic description of the systems, and may also ﬁnd applications or potential
applications [4,5,13,14].
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The human brain electroencephalogram (EEG) is another very important complex biological system, and
has attracted much attention of physicists and scientists in different areas. Different methods, such as the
nonlinear dynamic approach, coherence analysis, synchronization study, statistical and various quantitative
methods, have been developed for the study of the EEG. From the view of statistical physics, the time series of
the human brain EEG is not scale-free in the rigorous sense, since the a and b peaks in the power spectrum just
represent some typical time scales. The authors of Refs. [3,15] concentrate the attention on the a and b peaks
in the o and p channels, and discover that the amplitude of the oscillations is long-range correlated in time. The
auto-correlation function of the amplitude is calculated, and the DFA analysis is also used for demonstrating
the long-range temporal correlation.
Even though the a and b peaks are the features of the human brain EEG, one may expect that not all the
information is contained in these speciﬁc oscillations. Therefore, it is interesting and important to study the general
time series of the human brain EEG. In a very recent work [16], a ﬁrst approach based on the DFA method has
been presented for the human brain EEG with closed eyes. Within the framework of the DFA analysis, the a
oscillation appears to be a perturbation only. From the scaling exponent, it is suggested that the time series jdY ðt0 Þj
is long-range correlated in time, while dY ðt0 Þ is anti-correlated, at least in the time regime, we investigate. This is
similar to the case of the heartbeat. In addition, certain effects of the AD disease are also observed.
The purpose of this article is to reveal more explicitly the long-range temporal correlation, and especially the
dynamic scaling behavior of the human brain EEG. We also extend the analysis to the experimental data
with both closed and open eyes. In Section 2, a ﬁltering technique is introduced through the Fourier
transformation, to study the effect of a and b oscillations. Then, the dynamic scaling behavior of DY ðt0 Þ is
investigated. In Section 3, we calculate the auto-correlation functions and persistence probabilities to directly
uncover the long-range temporal correlation of jDY ðt0 Þj. In Section 4, the DFA analysis will be presented.
Finally, comes the conclusion.
2. Data analysis and probability distribution
Our experimental data are of 20 healthy individuals and 14 AD patients with closed eyes, and of 19 healthy
individuals and 20 AD patients with open eyes. o1 and o2 channels are measured on the occipital region, p3
and p4 channels on the parietal region, t3 and t4 channels on the temporal region, c3 and c4 channels on the
central region, and f 3 and f 4 channels on the frontal region [16]. Experimental measurements are performed
1
1
every 250
s, and last for a total time T ¼ 130 s. If not speciﬁed, the time unit is taken to be 250
s in this paper. In
addition, we also have a limited amount of experimental data with a total time T longer than 10 min. These
data conﬁrm the results with T ¼ 130 s.
Let us denote the EEG time series as Y ðt0 Þ. To have a ﬁrst view of the time series of the EEG, we perform a
standard Fourier transformation of Y ðt0 Þ. The power spectrum Pðf Þ of a single healthy individual with closed
eyes is displayed for the o1 and f 3 channels with solid lines in Fig. 1. We can see a clear a peak.
An observation in Fig. 1 is that the power spectrum Pðf Þ is power-law-like. The a and b peaks look like
‘perturbations’ only. The slopes of the curves are about 3/4. The curves drop down in high frequency regime,
may be because the highest frequency in the experimental measurements is 250 Hz. Therefore, one may expect
that the human brain EEG is scale free, but with possible effects of the a and b peaks.
To investigate the effects of the a and b peaks, we introduce a filtering technique. We ﬁrst transform the time
series to the Fourier space, and ﬁlter out the a peak and possible b peak of the power spectrum Pðf Þ in the
Fourier space, and then transform it back to the conﬁguration space. We denote this reﬁned time series as
Y c ðt0 Þ. Since the b peak in the EEG is usually not very prominent [3], this ﬁltering technique mainly concerns
the a peak. In Fig. 1, the power spectra of Y c ðt0 Þ are also plotted with square lines. For some properties, Y ðt0 Þ
and Y c ðt0 Þ yield invisible difference, and the a and b oscillations look indeed like irrelevant perturbations only;
For other properties, the effect of the a and b peaks can be clearly observed, and even rather important in
understanding the dynamics of the human brain EEG.
1
Let us consider the variation DY ðt0 Þ  Y ðt0 þ DtÞ  Y ðt0 Þ, keeping in mind that our time unit is 250
s. The
0
probability distribution of DY ðt Þ, denoted as PðDY ; DtÞ, generally depends on Dt. This is shown in Fig. 2(a)
for the o1 channel of the AD patients with closed eyes before ﬁltering out the a and b peaks. One does not
observe any dynamic scaling behavior.
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Fig. 1. Power spectra for the o1 and f 3 channels of a single healthy individual with closed eyes are displayed with solid lines in log–log
scale. The square lines show those after ﬁltering out the a and b peaks.

We now demonstrate that the probability distribution PðDY c ; DtÞ exhibits a dynamic scaling behavior, after
ﬁltering out the a and b oscillations. From a general view of statistical physics, one may expect a dynamic
scaling form for a scale-free system
PðDY c ; DtÞ Dt1=a F ðDY c =Dt1=a Þ

(1)

with a being an exponent. To reveal the dynamic scaling form in Eq. (1), we perform a scaling plot of the
distribution PðDY c ; DtÞ with different time Dt. This is shown in Fig. 2(b) for the o1 channel of the AD patients
with closed eyes. Even though the data are slightly ﬂuctuating, the data collapse is clearly observed. The
exponent 1=a is estimated to be about 0:16. Similar data collapses are observed for all the healthy individuals
and AD patients with both open and closed eyes. Qualitatively, we observe that the exponent 1=a of the AD
patients is somewhat bigger than that of the healthy individuals, but to clarify this point, we need more careful
analysis. The ﬂuctuation in the data collapse is too large for this purpose. Our analysis also yields similar
results for both cases with open and closed eyes.
Here a grand average over all individuals has been performed to reduce the ﬂuctuation. Such an average is
often reported in literature [3,15]. We believe that if there are sufﬁcient data for a single individual, the grand
average is not necessary.
We must emphasize, however, that without ﬁltering out the a and b oscillations, the data do not collapse.
One can understand this in Fig. 2(a). The ﬁltering technique here plays an important role in revealing the
dynamic scaling behavior of the human brain EEG.
To summarize, the dynamic scaling behavior of PðDY c ; DtÞ after ﬁltering out the a and b peaks indicates
that the human brain EEG is a quasi-scale-free dynamic system. The exponent 1=a of the AD patients seems
slightly bigger than that of the healthy individuals.
3. Auto-correlations and persistence probabilities
The analysis of the dynamic scaling behavior in the preceding section suggests that the time series of
the human brain EEG may be long-range correlated in time. The auto-correlation function directly
measures the time correlation of a time series. As an example, we consider the time series dY ðt0 Þ 
Y ðt0 þ 1Þ  Y ðt0 Þ. Since dY ðt0 Þ is anti-correlated in time, it is illustrating to deﬁne the auto-correlation
function of jdY ðt0 Þj
AðtÞ ¼ hjdY ðt0 ÞjjdY ðt0 þ tÞji  ðhjdY ðt0 ÞjiÞ2 .

(2)
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Fig. 2. (a) The probability distribution PðDY ; DtÞ for the o1 channel of the AD patients with closed eyes before ﬁltering out the a peak, (b)
the scaling plot of PðDY c ; DtÞ for the o1 channel of the AD patients with closed eyes after ﬁltering out the a peak. Solid line are for Dt ¼ 12,
24, 48, 96, 192, 384, 768, 1536 (from the left). Symbols ﬁtted to the curve of Dt ¼ 12 are the data of other Dt’s rescaled suitably according
to Eq. (1) with the exponent 1=a ¼ 0:16.

Here the average h i is taken over t0 and also different individuals. Typically, the measurement of AðtÞ may
be ﬂuctuating, but AðtÞ does give a clear evidence whether the time series is correlated in time, at least
qualitatively. If the time series is uncorrelated in time or with a short correlating time, AðtÞ drops to zero
exponentially. If the time series is long-range correlated in time, AðtÞ decays by a power-law.
AðtÞ tb .

(3)

In Fig. 3(a), the auto-correlation functions of the o1, p3, c3, t3 and f 3 channels are displayed for both
healthy individuals and AD patients with open eyes in log–log scale. In general, the curves of the AD patients
exhibit a relatively clean power-law behavior, and the exponent b takes values between 0:5 and 1:0, depending
on the channels. The curves of the healthy individuals are somewhat ﬂuctuating, but look still power-law-like.
For all the channels except for t3 and t4 with open eyes, the exponent b of the AD patients looks smaller
than that of the healthy individuals. Such a result seems understandable. A smaller value of the exponent b
indicates a slower dynamics. For AD patients, connections of many neural cells are already weaken or
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Fig. 3. (a) Auto-correlation functions of jdY ðt0 Þj for the o1, p3, c3, t3 and f 3 channels (from above) for both healthy individuals (solid
lines) and AD patients (square lines) with open eyes in log–log scale. (b) The persistence probability P ðtÞ of the o2, p4, c4, t4 and f 4
channels (from below) with closed eyes. Solid lines and square lines are for healthy individuals and AD patients, respectively. To guide the
eyes, curves in the ﬁgure have been shifted suitably.

blocked, therefore, the dynamics is slowed down. It is consistent with the earlier ﬁnding that the amplitude of
low frequencies in the power spectrum of the EEG increases for AD patients [17].
The technique of ﬁltering out the a and b oscillations does not change the results above. Our calculations of
the auto-correlation functions directly show that the time series of the human brain EEG is scale-free for both
healthy individuals and AD patients, and therefore, a universal dynamic scaling behavior may be expected.
This physically explains the dynamic scaling behavior of PðDY c ; DtÞ described in the previous section.
A natural question is how the auto-correlation function of the time series of dY ðt0 Þ behaves. The answer is
that dY ðt0 Þ is anti-correlated in time, and therefore, it is somewhat difﬁcult to measure its auto-correlation
function. The DFA analysis in the next section will reveal this phenomenon clearly.
For further understanding the long-range temporal correlation in the EEG dynamics, we now calculate the
persistence probability of the time series. The auto-correlation function measures the correlation local in time,
while the persistence probability detects the correlation nonlocal in time. As time evolves, the persistence
probability of a critical dynamic system decays by a power law characterized by a persistence exponent yp ,
PðtÞ typ .

(4)
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It is shown that the persistence exponent is in general independent of other known critical exponents [18]. The
persistence exponent plays an important role in a variety of systems and has been directly measured in
experiments [18–21].
Let us deﬁne the persistence probability Pþ ðtÞ (P ðtÞ) as the probability that jdY ðt0 þ t~Þj has always been
above (below) jdY ðt0 Þj in time t, i.e., jdY ðt0 þ t~Þj4jdY ðt0 Þj (jdY ðt0 þ t~ÞjojdY ðt0 Þj) for all t~ot. The average is
taken over the time variable t0 and all the individuals.
For an uncorrelated Gaussian process, both Pþ ðtÞ and P ðtÞ decay by a power law with an exponent
yp ¼ 1:0. Therefore, deviation of the exponent yp from 1:0 indicates that the dynamic process is long-range
correlated in time. In Fig. 3(b), P ðtÞ for the EEG with closed eyes are plotted in log–log scale. A nice powerlaw behavior is observed for both healthy individuals and AD patients, and the ﬂuctuation here is much less
than that of the auto-correlation functions. The exponent yp takes values between 0:85 and 0:93, which differ
from 1:0 by about 10%, and this clearly indicates that the time series of jdY ðt0 Þj is long-range correlated in
time. But the persistence probability seems not detecting the effect of the AD disease.
In summary, our calculations of the auto-correlation functions and persistence probabilities directly show
that the time series of jdY ðt0 Þj (jdY c ðt0 Þj) is long-range correlated in time. The results seem to indicate that the
dynamics of AD patients is slower than that of healthy individuals.
4. DFA analysis
The auto-correlation function is a principal observable for measuring the time correlation, but may require
sufﬁciently more data to achieve a good accuracy. The DFA analysis is a simple but powerful method for
revealing the temporal correlation of a time series, and helps remove the trends in the time series. This method
was proposed a decade ago [13,22], and has been applied to a variety of physical systems, and shows it
efﬁciency [23,24].
Let us ﬁrst introduce the DFA method [13,22]. For a ﬂuctuating dynamic series dBðt0 Þ, we construct an
integrated time series
0

Cðt Þ ¼

t0
X

½dBðt00 Þ  dBave .

(5)

t00 ¼1

Here dBave is the average of dBðt00 Þ in the total time interval ½1; T. Then, we uniformly divide the interval ½1; T
into windows with a size of t, and linearly ﬁt Cðt0 Þ to a linear function C t ðt0 Þ in each window. Finally, we
calculate the DFA function
vﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
u
T
u1 X
½Cðt0 Þ  C t ðt0 Þ2 :
(6)
F ðtÞ ¼ t
T t0 ¼1
In general, F ðtÞ obeys a power-law behavior
F ðtÞ ty .

(7)

If 0oyo0:5, dBðt0 Þ is long-range anti-correlated; if 0:5oyo1:0, dBðt0 Þ is long-range correlated. y ¼ 0:5
corresponds to the Gaussian white noise, while y ¼ 1:0 indicates the 1=f noise. If the integration procedure in
Eq. (5) is performed one more time, the DFA function F ðtÞ tyþ1 [4].
Therefore, the DFA method can be applied to both dY ðt0 Þ and Y ðt0 Þ of the EEG, and the DFA function
behaves like F ðtÞ ty and tyþ1 , respectively. In Fig. 4, the DFA function calculated from Y ðt0 Þ with closed eyes is
displayed on a log–log scale. To obtain the curves, a grand average has been also performed. In the early times,
one observes deviation from the power-law behavior. Especially, the weak ‘oscillation’ of the curves around
t ¼ 25 indicates the perturbation of the a peak, which is more prominent for the o channels and becomes almost
invisible for the f channels. After t 100, F ðtÞ gradually converges to a power-law behavior. From the ﬁgures,
one clearly sees that the curves of the AD patients increase faster than those of the healthy individuals.
In the left sector of Table 1, the values of y þ 1 measured from ﬁgures like Fig. 4 are given. Errors are those
from the grand average, and the ﬂuctuations along the time direction are also taken into account. Both yn for
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Fig. 4. DFA functions of Y ðt0 Þ for the EEG with closed eyes in log–log scale. Solid lines and square lines are for healthy individuals and
AD patients, respectively. From below, the curves are of the o1, p3, c3, t3 and f 3 channels.

Table 1
In the left sector, yn and ya are the scaling exponents of the DFA analysis calculated with Y ðt0 Þ of healthy individuals and AD patients with
closed eyes respectively. In the right sector, yn and ya are calculated with jdY ðt0 Þj with open eyes

o1
o2
p3
p4
c3
c4
t3
t4
f3
f4

Y ðt0 Þ

With closed eyes

yn þ 1

ya þ 1

1.112(23)
1.069(21)
1.102(15)
1.132(29)
1.149(16)
1.144(14)
1.181(33)
1.188(22)
1.188(16)
1.202(18)

1.188(43)
1.200(45)
1.165(33)
1.272(59)
1.219(28)
1.224(34)
1.283(45)
1.213(27)
1.261(27)
1.255(32)

jdY ðt0 Þj

With open eyes

ya  yn

yn

ya

ya  yn

0.076
0.131
0.063
0.140
0.070
0.080
0.102
0.025
0.073
0.053

0.739(3)
0.758(3)
0.706(5)
0.722(5)
0.683(7)
0.729(6)
0.722(25)
0.770(22)
0.693(6)
0.650(10)

0.756(12)
0.765(16)
0.746(11)
0.750(4)
0.745(15)
0.760(7)
0.766(19)
0.770(15)
0.720(9)
0.755(8)

0.017
0.070
0.040
0.028
0.062
0.031
0.044
0.000
0.027
0.105

healthy individuals and ya for AD patients take the values smaller than 0:5. Therefore, EEG dynamics is
long-range anti-correlated in time. In addition, both yn and ya show an increasing trend from the o channels
to f channels.
For every channel, ya  yn is positive. This indicates that the AD disease does change the interactions among
the neural cells, and therefore the dynamic scaling behavior. Essentially, a bigger ya represents a slower
dynamics of the AD patients. This is consistent with the ﬁnding in the preceding section. From the
microscopic viewpoint, the slower dynamics should originate from the partial breaking down of the
interactions among the neural cells.
To investigate how the a peak affects the dynamic behavior, one may calculate the DFA functions with
Y c ðt0 Þ. For F ðtÞ of Y c ðt0 Þ, the ‘oscillation’ around t ¼ 25 becomes almost invisible. In later times, the curves of
Y ðt0 Þ and Y c ðt0 Þ yield similar values of the exponent y þ 1. Therefore, we conclude that for the DFA analysis,
the a peak only perturbs the dynamic behavior at early times.
The application of the DFA analysis to dY ðt0 Þ should yield F ðtÞ ty . Our calculations indeed conﬁrm this,
and it is shown in Fig. 5(a). Since the exponent y is small, the power-law behavior looks slightly less clean.
Nevertheless, the exponent y estimated here is in consistence with that given in Table 1.
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Fig. 5. (a) DFA functions of dY ðt0 Þ of the o2, p4, c4, t4 and f 4 channels (from below) with closed eyes after ﬁltering out the a peaks are
plotted in log–log scale. Solid lines and square lines are for healthy individuals and AD patients, respectively. (b) DFA functions of jdY ðt0 Þj
of the o1, p3, c3, t3 and f 3 channels (from below) with open eyes before ﬁltering out the a peaks. Solid lines and square lines are for healthy
individuals and AD patients, respectively.

Since dY ðt0 Þ is anti-correlated in time, it is not very convenient to directly measure the auto-correlation
function. The DFA method is an efﬁcient approach to this kind of dynamics. To understand the dynamic
behavior of dY ðt0 Þ, it is suggested in Refs. [4] that dY ðt0 Þ may be decomposed into two time series jdY ðt0 Þj and
SgnðdY ðt0 ÞÞ. SgnðdY ðt0 ÞÞ remains anti-correlated in time, while jdY ðt0 Þj is long-range correlated in time, as
demonstrated in the previous section. In Fig. 5(b), F ðtÞ calculated from jdY ðt0 Þj of the EEG with open eyes is
plotted on a log–log scale. The power-law behavior is clearly seen. In Table 1, the values of the exponent y
measured from ﬁgures like Fig. 5(b) show a decreasing trend from o channels to f channels. The value
1:04y40:5 indicates that the time series of jdY ðt0 Þj is long-range correlated in time. Similar as in the case of
Y ðt0 Þ, different values of the exponent y for healthy individuals and AD patients are also detected, but the
difference is less prominent.
To summarize, the DFA analysis reveals that the time series of jdY ðt0 Þj is long-range correlated in time,
while dY ðt0 Þ and SgnðdY ðt0 ÞÞ are temporally anti-correlated. The scaling exponent y of the AD patients takes
values different from those of the healthy individuals. The difference is less prominent for the EEG with open
eyes, possibly due to noises from the environment.

ARTICLE IN PRESS
J.W. Yuan et al. / Physica A ] (]]]]) ]]]–]]]

9

5. Conclusions
In conclusion, we have investigated the dynamic scaling behavior of the human brain EEG with both open
and closed eyes, and for both healthy individuals and AD patients. (i) The probability distribution PðDY c ; DtÞ
obeys a dynamic scaling form. The calculations of the auto-correlation functions and persistence probabilities,
together with the DFA analysis, reveal that the time series jdY ðt0 Þj is long-range correlated in time, while
dY ðt0 Þ and SgnðdY ðt0 ÞÞ are temporally anti-correlated. (ii) A ﬁltering technique is introduced to study the effect
of the a and b oscillations. It is observed that this technique is important in revealing the dynamic scaling form
of PðDY c ; DtÞ, while it does not affect so much the dynamic behavior of some other observables. (iii) Our
calculations show that the dynamics of the EEG of the AD patients is somewhat slower than that of the
healthy individuals.
In a very recent work [25], functional networks connecting correlated human brain sites are extracted from
functional magnetic resonance imaging. Analysis shows that the resulting networks are scale free with smallworld properties. Our results presented in this paper and in Ref. [16] are in agreement with such a view to the
human brain. Possibly, models based on complex networks may be constructed for understanding the
dynamics of the human brain EEG.
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